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Abstract 

We prove precise growth and cancellation estimates for the Szego kernel of an unbonnded 
model domain C under the assumption that bfl satisfies a uniform finite-type hypothesis. 
Such domains have smooth boundaries which are not algebraic varieties, and therefore admit 
no global homogeneities that allow one to use compactness arguments in order to obtain results. 
As an application of our estimates, we prove that the Szego projection S of is exactly regular 
on the non-isotropic Sobolev spaces NL^{hQ) for 1 < p < -too and fc = 0,1,..., and also that 
S : rQ,(i?) rQ,(bf2), for E <e bfl and 0 < a < -too, with a bound that depends only on 

diam(i?), where Fq, are the non-isotropic Holder spaces. 


1 Introduction 


Let e C be a pseudoconvex domain with smooth boundary bP, and give bP an appropriate 
measure dmun- The purpose of this paper is to study the Szego projection § : L^(hU) —>■ 
when n belongs to a class of unbounded finite-type model domains for which bC is not an algebraic 
variety. Our primary motivation is to discern how the Szego projection behaves in unbounded 
domains which lack homogeneity. We prove two types of results. First we show that the Szego 
kernel of such domains is smooth off of the diagonal and satisfies scale-invariant differential and 
cancellation estimates. Second, we establish the exact regularity of § on the non-isotropic L^- 
Sobolev spaces and non-isotropic Holder spaces associated to bH. 

In this paper, we restrict our attention to domains of the form 

H = {jz = (z, Z 2 ) e : Im(z 2 ) > P{z)}, 


where P : C —)> ffi. is a smooth, subharmonic, non-harmonic function such that h := AP satisfies, 
for some constants Ci,C 2 - 


(HI) 

(H2) 

(H3) 



ll^llcHC) < +00 for fc = 0,1, 2,.... 

zGC, re[l,-t-cxD) ''^ 


< C2. 


In this case, we say that bH satisfies a uniform finite-type (UFT) hypotheses of order m. Several 
concrete examples of UFT domains are discussed in Section 11.11 To avoid degeneracy issues intro¬ 
duced at infinity by the unboundedness of the domain, we take dmun = (im(z, Re(z 2 )) to be the 
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Lebesgue measure that 

hn = {(z,t + iP{z)) G : (z,t)GCxK} 

receives under its identification with C x M. The precise definition of the Szegd projection S—which 
maps L^(bfd) onto the closed subspace T-L^{Vl) of L^-boundary values of holomorphic functions in 
n—is recalled in Appendix lAl 

Our results are expressed in terms of a non-isotropic geometry on bO closely related to the 
tangential Cauchy-Riemann vector fields 

Z = d, + 2iP,{z)d,„ Z = ds- 2iP,{z)dg„ 

which we now describe. Writing X = Z + Z and Y = —i{Z — Z), condition (HI) quantitatively 
expresses that the real vector fields X and Y satisfy Hormander’s finite-type condition of order m 
uniformly over bO, which ensures that any two points z,w G bO can be connected by a piecewise 
path which is almost everywhere tangent to X or Y. If we equip bO with a metric such 
that {X,Y) = 0 and ||A|| = ||y|| = 1 at each point, then the infimal length d{z,w) of such a 
path is called the Carnot-Caratheodory distance between 2 ; and w. One can understand the balls 
Bd{z, S) = {tu G bO : d(z, w) < 5} as ‘twisted’ ellipsoids of radius 6 in the directions of X and Y, 
and radius A(z, (5) in the direction of T = . For small 6, A(z, (5) is essentially a polynomial 

in S with coefhcients that depend on z, while for large S we have A{z,6) ~ uniformly in z. The 
volume of Bci{z, 5) satisfies 

\B4z,6)\^S^A{z,6). (1.1) 

In Section [4] we give a more detailed discussion of d, but additional background can be found in 
[32] for the case <5 < 1 and [33] for the case <5 > 1. 

Before stating our results, we give two small pieces of notation. We denote by [H] the Schwartz 
kernel of an operator MI which maps test functions into the space of distributions. Also, if a is a 
multi-index then we write Z^ = Z\ - ■ ■ ^|q,|, where each Zi G {Z, Z} and acts in the ry-variables. 

Our first result gives precise size and cancellation estimates on the Szegd kernel and its (non¬ 
isotropic) derivatives. 

Theorem 1.1 (Growth/Cancellation Estimates). The Szegd projection S can he written as the sum 
of two operators S = N -f F such that, for all multi-indices a, /3 and all N, M >0, the following 
hold. 

(a) For 0 < AT -|- K' < |a| -I- |/3| -I- 4 there exist multi-indices 7 , 7 ' of length K, K' and an operator 
Nk.k' such that 

(i) n = Zmx.K’Z'^', and 

(ii) For some C = C{a, fd, N, M, K, K', h), 


\T^z:{zir[NK,K']{z,w)\ 

^ d{z, tu)*-+-^'“l“l“l^lA( 2 ;, d{z, w))~^ 
\Bd{z,d{z,w))\ 


( 1 . 2 ) 


A{z,d{z,w))) 


-M 


(b) For Q < K -\- K' < min(|a|, 2) -|- min(|,5|, 2) -|- 4 there exist multi-indices 7 , 7 ' of length K, K' 
and an operator ¥k,k' such that 
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(i)¥ = ZWk,k'Z'^', 

(ii) For some C = C{a, (3, N, K, K',h), 


\T^z:izir[¥K,K']iz,w)\ 


< C min 1, ■ 


\Bd{z,d{z,w))\ 


(1.3) 


(c) The conclusions of (a) and (b) also hold for N* and¥*, respectively, with the same qualifica¬ 
tions. 


The cancellation properties of the Szego projection are captured by parts (a)-(i) and (b)-(i), 
which allow us to view S as a derivative. Theorem 11.11 implies that § can be analyzed via the 
Calderon-Zygmund paradigm (see |39)1. Indeed, with some additional work we obtain the following 
classical cancellation and growth estimates for the Szego kernel. 

Corollary 1.2 (Classical Growth Estimates). Fix z,w G bfl. For multi-indices a and (3 with 
|a|, |/3| < 2, and for N >0, 


\T^z:{zir[s\iz,w)\<c 


d{z,w) ^^^A{z,d{z,w)) ^ 
\Bd{z,diz,w))\ 


(1.4) 


where C = C{N,a, f3,h) is independent of z and w. The restriction |q;|,|/3| < 2 is sharp in the 
sense that the above estimate may fail to hold if either |q;| > 3 or \j3\ > 3. 


Corollary 1.3 (Classical Cancellation Estimates). Let |a| < 2, and N > 0. If (j> is a smooth 
function with support in Bd{z,6), then there is C = C{N,a,h) and M = M{N,a) such that 

\\T^Z<^m\L^iBA^,S)) 

< cA(^,5)-^ri“i(||0IUo„(5,(M)) + II(A(^,^)7 ’)“</>IU-(b.(.,^))). 

Although the estimates in Corollarv ll.2l follow immediately from those in Theorem ll.il sharpness 
will follow from examining the situation on tube domains, where an explicit formula for [§] is 
available; see Example II. 101 and Section |9] for the details. 

We use the estimates from Theorem o to prove that the Szego projection exactly preserves 
non-isotropic Sobolev and Holder regularity in the following sense. 

Theorem 1.4. § has the following mapping properties. 

(a) S : A^L|(bH) —^ iVL^(bH) for \ < p < -|-oo, k = 0,1,..., where iVL^(bH) are the non¬ 
isotropic Sobolev spaces on bH associated to the vector fields Z and Z. 

(b) For every Carnot-Caratheodory ball E = Bd(zo,So) C bH, S : rdE) —>■ rQ,(br2) for 0 < 
a < - 1 - 00 , where TaiU) are the non-isotropie Holder spaces of functions supported onU C bfl 
associated to the vector fields Z and Z. Here, the operator norm depends only on a. So, and 
the constants in (HI), (H2), and (H3). 
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The spaces NL^{hfl) and Ta{U) are defined in detail in Section [T^ 

The regularity of S and [S] on domains with smooth, finite-type boundary has been extensively 
studied, and is well-understood in situations where the domain is bounded and the geometry is 
well-behaved. When (s is a smoothly bounded weakly pseudoconvex domain of finite-type, 
Nagel, Rosay, Stein, and Wainger [28] showed that [S]( 2 ;,i(;) is smooth on 

(fi X bf2)\ {(z, w) G bil X bn : 2; = to} 

and satisfies estimates similar to those in Corollaries ll.2l and ll.31 and they obtained results analogous 
to Theorem 11.41 When fl (s C" (n > 3), similar results were proved by Koranyi and Vagi [20] on 
the unit ball, Stein |36] on strongly pseudoconvex domains, Fefferman, Kohn, and Machedon [9] 
on diagonalizable domains, McNeal and Stein [25] on convex domains, and Koenig m when the 
Levi form has pointwise-comparable eigenvalues. This culminated in the work of Charpentier and 
Dupain [J for geometrically separated domains, which contains all of the previously mentioned 
cases. 

When n = { 2 ; G C” : Im(z„) > P{zi, ..., 2 „_i)} is an unbounded model domain, our knowledge 
is essentially restricted to cases where we either have an explicit formula for [§], or where P is a 
polynomial. When n = 2, explicit formulas for the Szego kernel were obtained by Greiner and Stein 
m when P{z) = by Nagel [55] when P{z) = 6 (Re( 2 )) is a convex function, and by Haslinger 
[15] for P{z) = \z\°', a > 2. When n = 3, similar formulas were obtained by Francsics and Ranges 
m- Several authors have leveraged these formulas to answer various questions related to the Szego 
projection and kernel; for examples, see [HiiiKigdiKiijdg. 

In the special case where P is a subharmonic, nonharmonic polynomial, full estimates of the 
type given in Corollary 11.21 Corollary 11.31 and Theorem 11.41 were proved for n = 2 in [^ [5S] , 
while limited results for special examples in the case n > 3 are also known [To] [2218]. The critical 
fact in this case is that the class of polynomial model domains in is highly amenable to study 
because it is homogeneous, in the sense that there is a large family of affine non-isotropic dilations 
of which preserve it. One is therefore able to effectively ‘normalize’ a polynomial domain by 
translating any large- or small-scale data to unit scale. The class of such domains (for a fixed degree 
m) is parametrized by a compact set, which plays a big role in the analysis. 

Once one breaks this homogeneity, though, many of the standard techniques fall apart. As 
observed by McNeal in [24], except in certain special situations these scaling arguments do not 
suitably generalize to domains in higher dimensions, even for polynomial domains. For large classes 
of smooth finite-type pseudoconvex subdomains of C" for n > 3, the standard scaling techniques 
destroy either the smoothness of the boundary or the finite-type assumption. This has been a 
major obstruction to the study of the Szego projection (and the 9b-problem in general) in higher 
dimensions. 

UFT domains (for m > 2) furnish a situation where the standard scaling arguments break, and 
our main task in this work is to develop techniques for studying the Szego kernel in the absence of 
homogeneity. We accomplish this by extending an idea of Raich |34] , who explored the link between 
non-isotropic smoothing operators on polynomial model domains in and one-parameter families 
of operators on C which satisfy uniform estimates. The parameter here comes from taking the 
partial Fourier transform in the Re(z 2 )-variable, and can be thought of as decoupling the operator 
Z into a family of operators on C which capture a single scale of the Re( 22 )-variable. In our case, 
we tie § to a one-parameter family of weighted d operators on C. We then build off of the work 
of Christ [5] to estimate each operator in the resulting family. These estimates are then pieced 
together with an inverse partial Fourier transform. 


4 


This work is an extension of my Ph.D. thesis at the University of Wisconsin - Madison, and 
was partially supported by NSF Grant No. 1147523 - RTG: Analysis and Applications. It is a 
great pleasure to thank my advisor, Alexander Nagel, for his support and guidance throughout this 
project. 1 would also like to thank the referee, whose suggestions greatly improved the paper. 


1.1 Examples 

Before diving into the argument, let’s pause to explore a few basic classes of UFT domains. 
Example 1.5. Perhaps the most basic example of a UFT domain is the upper half-space 

U^ = {z&£^ : lm(z 2 ) > \z\^}, 


whose boundary is the one-dimensional Heisenberg group H^. Here P{z) = |zp and h{z) = 4. In 
Remark 16.201 we explain how the fact that h{z) is constant allows us to replace estimate (II.3|) with 


1 i I ^ G min diz,w)^+^' '“I A{z, d^Z, w)y 

\T Z,(Z») 1 ,-_____- 


■N 


and relax the restriction on AT -|- AT' in part (b) of Theorem 1 1.1 1 to 0 < A" -|- AT' < |a| -(-1,5| -|- 2N + 4. 
This in turn replaces inequality (11.41) with 


\T^Z^iZ^r[S\{z,w)\<C 


d{z,w) ^^^A{z,d{z,w)) ^ 
\Bd{z,d{z,w))\ 


N,\a\,\P\>0, 


which are the known size estimates for S on see for example [27]. Similarly, the result in 
Corollary 11.31 holds for all |q;| > 0. 


Up to adding a degree 2 harmonic polynomial and scaling, P{z) = |zp is the only subharmonic, 
non-harmonic polynomial which satisfies hypothesis (H2) (and therefore yields a UFT domain). 
To see the richness of the class UFT domains we therefore need to consider general subharmonic 
functions P{z) for which h{z) satisfies (H1)-(H3). We reduce our search for such functions P{z) to a 
search for h{z) = AP{z) by noting that for a given function h{z) satisfying (H2), (H3) is equivalent 
to the existence of a ‘nice’ class of subharmonic potentials P{z) for h{z). 


Proposition 1.6. Let h : C —> R &e a non-negative, smooth function with 
ll^llc'=(C) < +00 for k = 0,1,2,.... Then the following are eguivalent: 


(a) sup sup 

rG[l,+oo) 


/ 


h{C + 77 ) 


l<|77|<r V 


dm(ji) 


Aq < -1-00. 


(b) There exist constants Ai, A 2 ,... such that for every fixed f € C there exists P : C —?> R, with 
P(0) = 0, such that 

(i) AP{z) = h{C. z) for all z G <C, 

fn) |VP(z)| < Ai|z|, 

rm; ||V'=P||oo < Afe for k = 2,3,.... 


We give the proof of Proposition 11.61 in Section 13.11 As an immediate application, we identify 
two classes of functions h{z) that satisfy (H3). 
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Proposition 1.7. Let h : C ^ [0,+oo) satisfy (H2). Then h satisfies (H3) if either 

(a) h{z) = /i(Re(z)) for all z € C (i.e. if ft is a tube domain), or 

(b) There exist constants A > 0, i? G (0, +c»), and C > 0 so that, uniformly in z G <C and r > 1, 


/ \h{r] + z) — A\dm{r]) < Br"^ 

J\n\<r 


'\ri\<r 

Proof. To show that (a) implies (H3), we merely note that if ru G C, then 


rx pr 

P{z) = P{x + iy) = / / h{s + Re{w))dsdr 

Jo Jo 


satisfies (b) of Proposition [L6l and therefore h satisfies (H3). 

On the other hand, if condition (b) holds, then note that for K such that 2^“^ <r< 2^, 


/<„,<, ^''”‘<’'>1 = 1 / 

<-L 


h{ri z) — A 

<|77|<r V 

\h{r] + z)-A\ 


l<|77|<r 


K 




dm{ri) 


dmirf) 


\h{ri + z)- A\ 


K 


<kl< 2 ^ 




dm(r]) 


2-20-1) f 

k^i •^ 2 '=-! 

K 

<4^2 


\h{ri + z) — A\dm{rj) 


■)-2fc 


l\r]\< 2 ^ 


2fc-i<|77|<2^ 

\h{r] z) — A\dm{r]) 


K 


K 




k=l 


which is bounded by a constant that depends only on B and C (and not on r or z). In the first 


line above we used the fact that for r > 1, 


/ 


1 


l<|? 7 |<r V 


dmirf) = 


1 


e-'^^UOds = 0 . 


1 Jo 


This shows that (H3) holds, and we are done. □ 

Remark 1.8. The interesting case here is C < 2, because C > 2 implies that h is constant. 
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Example 1.9. Condition (b) in Proposition 11.71 is a quantitative way of saying that h is well 
approximated on large scales by a constant. This holds, for example, when h{z) = x(A(5(z)), 
where Q is a subharmonic, non-harmonic polynomial and x is a smooth, non-decreasing function 
with x{t) = t for f < 1 and x(0 = | for t >2. Because subharmonic, non-harmonic polynomials 
Q{z) satisfy (HI), such functions x(AQ( 2 ;)) give rise to UFT domains. 

Example 1.10. The Szegd kernel for tube domains of the form 

n = {z G C'^ : Im(z 2 ) > 6(Re(z)), 6 : R —>• M convex} 


are particularly amenable to study due to the translation invariance of O in the Im(z)-direction. 
This invariance was exploited by Nagel in [55], who showed that for such H the Szegd kernel has 
the form 


[S](z,m) 



piT{z2 — W2)+r]{z+w) 


/ 


g2M-rb(e)]^^ 


-drjdr. 


(1.5) 


The explicit nature of this formula has facilitated the study of the Szegd kernel on tube domains. 
For a discussion on the history of this formula, see [14] . 

Formula ([EU allows us to exhibit the sharpness claims in Corollary 11.21 by explicitly studying 
[S] for one particular (and rather nicely behaved) convex function b{x) which satisfies (HI) and 
(H2). Indeed, if 6 : R —>■ [0, -boo) is chosen so that 


• 6 ( 0 ) = 6 '( 0 ) = 0 , 


• b"{x) = in a neighborhood of a; = n, for all n S Z, and 


• 0 < a < b”{x) < A < -boo for some constants a, A uniformly in x G R, 


then for /c > 0 there exists C = C'(fc) > 0 so that if Zn = {n, ib{n)), then 


\Z^Z[S\{Zr, 


Z-n)\>C 


d(z„,2:_„) ^ 

\Bd{Zn,d{Zn,Z-„))\’ 


n G Zi. 


Details are given in Section [51 


Remark 1.11. There exist functions h which satisfy (HI) and (H2), but for which (H3) does not 
hold, and therefore the conclusions of Proposition 11.61 do not hold. 

For one such example, consider the smooth function h{z) defined by 


/i(re*®) = l + x{r)f{0), 


where / : [—7r,7r] —>• [0,1] is smooth and supported in [—with /(O) = 1, and x is a 
smooth, non-decreasing function with xi^) = 0 if r < 1 and xi'^) — 1 for r > 2. For large jzj the 
arguments in the proof of Proposition [T!5] show that, for a particular subharmonic P with AP = h, 
jVPj ~ jzj log \z\. It follows that the estimates in part (b) of that proposition fail to hold for every 
subharmonic P with AP = h. 


7 




1.2 Definitions and Notation 

As in the introduction, let 12 = { 2 : S : Ini(z 2 ) > P{z)}, where P : C —>■ R is smooth, 

subharmonic, and non-harmonic. The space of tangential antiholomorphic vector fields T°’^(bl2) 
on bl 2 is spanned by Z^q = dz — 2 iPz{z)dz 2 , while the space of tangential holomorphic vector fields 
r^’°(bf2) on bl2 is spanned by Z-^q^ = dz + 2iPz{z)dz2- When no confusion can arise, we will omit 
the subscript bl 2 . 

We identify {z,t + iP{z)) G bl2 with (z,t) G C x R via the diffeomorphism If : bf2 —>■ C x R 
given by n(z,Z 2 ) = ( 2 :,Re(z 2 ))- Under this identification, Z and Z become, respectively, 

Z = dz - iPz{z)dt and Z = dz + iPz{z)dt. 

Give 12 the standard Lebesgue measure dmn = dm{z, Z 2 ) that it receives as a subset of C^, and bl2 
the Lebesgue measure drrihn = (im(z, Re(z 2 )) = Tl*dm{z,t) that it receives from its identification 
with C X R. As above, we will omit the subscript when no confusion can arise. 

Letting 0(12) denote the space of holomorphic functions on 12, we define the Hardy Space 

^2(12) = {F G 0(12) : ||F||^ 2 (o) = sup /" \Feiz,t)\'^dm(z,t) <+ 00 }, 

e>0 JcxS. 

where Fe{z,t) := F{z,t + iP{z) Pie). We can identify P^(12) with the (closed) subspace of L^(bl2) 
defined by 

i?(bl2) = {/ G L^(bl2) : Zf = 0 as distributions}, 
the L^(bl2)—nullspace of Z, and therefore view 

s: L^(hn) p(bi 2 ) 

as the orthogonal projection of L^(bl2) onto the null-space of see Appendix lAl for more details. 

For a function / : C —>■ C, the symbol V/ will denote a generic first-order partial derivative 
of /, while V^/ denotes a generic fc-th order partial derivative of /. For \r]\ = 1 we write V,,/ to 
denote the derivative of / in the direction of rj. 

For 1 < p < -|-oo, we say that / G NL^{hn) if 

WfWNLlihQ) ■= ^ l|R^“/llLJ>(bn) < + 00 , 

0<|a|<fc 


where is an |a|-order mixed derivative in the vector fields Z and Z. 

For U C bl2, the non-isotropic Holder space rQ,(t7) associated to F is defined as follows. For 
0 < a < 1 and fc = 0 ,1, 2 ,..., 

Il/llr„+fc(( 7 ) := inf{A : for every z,w G F and |^| < k, ||W'^/||l~(; 7 ) < A and 

iW^f(z) - W^f(w)l < Ad(z,w)°^}. 


Now, say that / G Fi([/) if 


+00 

f = '^fk with 
A;=0 


\\W^fk\\L^iu)<A2-'^2\^\'‘ for 
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l/3|<2. 


we can write 


( 1 . 6 ) 


We define 


ll/llriCc/) := inf{^ : CH) holds}, 
and for integer a > 1 we define ||/||rc(c/) 

|/3|<a 

Throughout the paper, we will write A < B to mean that there is a constant 0 < C < +oo, 
independent of all relevant parameters, such that A < CB. Similarly, write A > B when B < A, 
and Afv B it A < B and B < A. 


2 Outline of the Argument 

In this section we describe the techniques used to prove Theorem 11.11 and outline the structure of 
the paper. 

The first step in our argument is to exploit the Re( 02 )-translation invariance of Z by taking the 
partial Fourier transform in the Re( 2 ; 2 )-variable (see for example [26)1. For Schwartz functions / 
on C X R, this is defined via 


f{z,T) = B[f]{z,T) = ( e ‘^^^'^*f{z,t)dt. 

Jr 

This allows us to formallj0 write 

p+oo 

[S]{z,w)= / 

Jo 

where § = tFo (11“^)* o S o 11* o F~^. We also have 

Z = dz + 2 tttPz =: Dt, Z = dz — 2 tttPz =: —Dr- 

We think of A = odoe^'^^^ as a weighted d operator acting on (a dense subspace of) i^(C), 

and Dr = D* as its adjoint. As before, we write 1F“ = IW-,! ■ • • Wt-,|q| , where Wr,i S {Dr,Dr}. 
Writing Sr : T^(C) —^ for the orthogonal projection onto the space of T^(C) functions 

annihilated by Dr in the sense of distributions, we are able to say fProposition 15.4)1 that 

[S]( 2 :, w, t) = [Sr](- 2 , w), a.e. {z,w,t) € C x C x R. 

The next step is to analyze the operator Sr for fixed r > 0. Here we utilize the work of 
Christ [5], who studied the operators Gr = {DrDr)~^, Rr = Ur o Gr, R} = Gr o Dr, and 
Sr = I — DroGrOD t On T^(C) (for fixed r), and proved pointwise bounds on their Schwartz kernels 

^The Szego projection § : L^{hQ) —>■ B(hQ) can be written as S = lim in the sense of tempered distributions 

e—>-0+ 

on br2 X bn, where the operators : L^(bn) —^ .B(bn) are defined by §^[/] = (^[/])^ in Appendix [X] The Cauchy 
integral formula and Proposition ro in Appendix pimply that the have Schwartz kernels. Indeed, we have 

P + OO 
^0 

We will prove Theorem 11.11 for although all constants that appear in our estimates are independent of e > 0. The 
structure of our argument will allow us to obtain the results for S by taking e —>■ 0. For the ease of notation, however, 
we will omit the e from all computations. 
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in terms of a smooth function and a metric Pt{z,w) on C which are intimately connected 

to the Carnot-Caratheodory metric d. To simplify our argument, we will replace pr{z,w) with a 
quasimetric pr{z,w) that is easier to work with; see Section [6] for the details. 

In Section [5] we formally define ¥k,k' and Nk,k> via 

r+oo 

Jo 

and 

^+oo 

- xiT))[R^SriKf'Kz,w)dT, 

Jo 

where x ■ [Oj +oo) —> [0,1] is a non-increasing smooth function with x(r) = 1 for r < 1 and x('^) = 0 
for T >2. These operators are densely defined in L^(bf2) and satisfy S = Fo_o + No,o and 

Z^¥k,k'Z^' = Fo,o, Z^Nk,k'Z^' = Nq.o- 

Theorem ll.ll therefore requires us to prove pointwise bounds on the Schwartz kernels of operators 
of the form 

( 2 . 1 ) 

To take advantage of the oscillatory term g27ri(Re(z2)-Re(i«2))r integrals defining Nk,K' and 

¥k,k', we will want to integrate by parts in r. The heart of our argument, expressed by Theorem 
16.141 is that 

I {K)^'W^]{z,w)\ 

^ I r-^cr^(u;)-2-l«l-l/5le-'^P-(^-“) if T > 1, 

~ I .j--M^^(.jg)-2-min(|a|,2)-min(|/3|,2)g-ep^(z,u)) if r < 1. 

Here 

Tr = o dr O = dr - 27rif(z, w), 

where T{z,w) is related to the ‘twist’ T(z,w) in the Carnot-Caratheodory geometry described in 
Section |4j and will be chosen based on the size of r. Standard integral estimation techniques then 
allow us to establish the estimates in Theorem 11.11 

The rest of the paper is structured as follows. In Section[3]we use (H2) and (H3) to prove Propo¬ 
sition and construct various biholomorphic changes of variables to simplify our computations. 
After recalling and developing the necessary facts about the Carnot-Caratheodory metric d{z, w) 
in Section m and defining Wk,k' and in Section[5l in Section|6]we show how Christ’s bounds 

are related to (HI), (H2), the Carnot-Caratheodory metric on bH, and r. We then use an algebraic 
argument to obtain pointwise bounds on the Schwartz kernels of the operators appearing in ()2.111 . 
The proof of Theorem 11.11 is given in Section 0 and the proof of Theorem 11.41 is in Section [5] In 
Section |9] we prove the sharpness claim from Corollary 11.21 The paper concludes with the proof of 
Corollary [13] in Section ITOl There are two appendices, each containing technical results used in the 
argument: Appendix |A| contains a discussion of the technicalities surrounding the definition and 
properties of S (building off of the discussion in [2]), and contains the proof of a well-known for¬ 
mula relating the Szego and Bergman kernels for unbounded model domains which, to the author’s 
knowledge, has not yet appeared in the literature. Appendix |B] is devoted to the proof of several 
technical results from Section |5j 
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3 Normalization 


In this section we explore (H3) vis-a-vis its connection to the existence of a class of biholomorphic 
changes of variables which normalize bfl near a point w G bfl. We begin with a proof of Proposition 
11.61 in Section [Q In Section 13.21 we produce a family of biholomorphisms $ : ^ which 

‘isomorphically’ preserves the class of UFT domains in the sense that if 17 is a UFT domain, then 
Cl = d)(n) is also a UFT domain which satisfies (H1)-(H3) with the same constants as does U, and 
such that $ preserves all of the relevant CR structure and integration measures involved in the 
problem. 

Now let n ; bU —>■ C x R be the diffeomorphism {z,t) = ll{z) = (z,Re(z 2 )), and suppose that 
H : L^(bU) —7> L^(bU) is a bounded Re(z 2 )-ti'anslation invariant operator. Then the operator 

(n-i)* oHon* 

is a bounded t-translation invariant operator on L^(C x R). 

If we define : L^(C x R) —?> L^(C x R) to be the partial Fourier transform 

Jr 

then the operator H := o (11“^)* o HU o 11* o JF~^ : L^(C x R) —^ L^(C x R) is given on functions 
by formal integration against a Schwartz kernel n;, r) as 

]HI[/](2,t)= \H]{z,w,T)f(w,T)dm{w), for a.e. r; 

Jc 

see [38] . 

We construct the biholomorphisms $ so that = ($“^)* oIHIo$* defines a bounded Re(z 2 )- 
translation invariant operator on L‘^{hCl), and so we may ask how the kernels and [H] are 

related as functions on C x C x R. This is explored in Section [3731 


3.1 Proof of Proposition n.61 

We first show that (a) ( 6 ). It suffices to prove (b) for C = 0, since we can then get the full result 

by applying (b) to z i— >■ h(( + z). 

To begin, we follow Section 4.6 of [T] and define, for z,ri G C, 


Ki{z,t]) = — l^loglz- 77 I - log|? 7 | +Re 

1 r 


0 


K 2 {z,r]) = ^ logk- 77 I - log|? 7 |+Re(-) + iRe((-) ) 


Because \K 2 {z,ri)\ < - 

(j 


and h G L°°{C), the integrals 


P(z) 



Ki{z,r])h{r])dm{r]) + 



K2[z,rf)h{rf)dm{rf) 


(3.1) 
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converge for all z € C, and a localization argument implies that AP{z) = h{z) for all z, establishing 
(i); see [I] for the details. 

Because P{z) is real-valued, to prove (ii) it suffices to estimate 


47r^(2;) = f - \--]h{'q)dm{T])+ f (^— + - + ^]h{r])dm{r]). (3.2) 

We consider two cases. 

Case 1: [zj < 4. 

In this case we write hiiif) = x(|» 7 |)h(? 7 ) and h 2 {ri) = hirf) — hi{r]), where x : [0,-|-oo) —>■ [0,1] is 
a smooth, non-increasing cut-off function with x{t) = 1 for t < 5 and x(f) = 0 for t > 6. Then 

dP 

= [ (—^ + -)hi{v)dm{r])+ I -^hi{T])dm{T]) + [ - — ^-^h2{r])dm{r]) 
Jc^z-ri -qJ Jk^T Jc{z-V)V 


C^z-q q 
hi{q) - hi{z + q) 


IC V 

= Ii + I 2 + h- 

We immediately have 


and 


dm{q) + / -^hi{q)dm{q) + / -— , ^ h 2 {q)dm{q) 

Jl<\r)\ d Jc \^ ~ V)V 


l-fll < klll^lllci 


'|r/l<10 


\v\ 


dm{q) 


< 


Icd^l 


l^2|<||h||co|z|. 

When \q\ > 5 and \z\ < 4 we have \z — q\ fv \q\^ so that 


\h\<\znh\\co 


[ T^dm{q) < \\h\\co\z\^ < \\h\\co 

J5<\v\<+oo \vr 


Z ■ 


This proves (ii) in Case 1. 

Case 2: \z\ > 4. 

In this case we write 

. dP, ^ 


/ , , 7 — ^--h{q)dm{q) + ^h{q)dm{q) 

7|^|<l|i [z - q)q Jki^kM r? 




jh{q)dm{q) -|- 


l^<min(|?7|,|2—r^l) {■^ 


:h{q)dm{q) 


{z-q)q^ 

= Ii + I 2 + I 3 + Ii- 

Condition (a) immediately implies that I/ 2 I < 44o|z|. We estimate the other integrals as in Case 1: 


|/l|<ll/l||co 


f - 


dm{q) 


< 


\c°\zl 
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\z-r]\ 


dm{r]) < ||/i||co|z|, 


\h\ < \\h\\co\z\^ [ < \\h\\co\z\, 

|?7r 


7 ^<1^1 \V\ 

which completes the proof of (ii). 

We turn now to the proof of (iii), which is similar to (but more involved than) that of (ii). The 
assumption that ||/i|lc'= < +oo, together with the fact that P is real-valued, implies that we need 

dkp 

only show that An ^ ^ (z) is bounded for k >2. 

Case 1: \z\ < 4. 

Split h = hi + h 2 as in Case 1 of the proof of (ii). Then we first write 


= i 


hiiv) - hi{z + rj) 


dm{r]) 




;hi{r])dm{r]) 


f(—+ - + 4 

c^z-r] r] r]^ 


'^h2ir])dm(r]). 


When k = 2 we have 


d'^P 

= 


'c V 


dm{r]) -I- 


' 1 <| 77 | V 






JcW 

= h + h + h, 


which is estimated (using the fact that \z\ < 4 and hi{r]) = 0 for \r]\ > 6) as 

\h\<\\h\\c^, I/ 2 I < ||/l||co, 

and 

l^al < kll|/i|lco [ T^dm{r]) < |z|||/i|lc« < WHco- 

J5<\v\ \h\ 

For fc > 3, we have 


dkp 


— - - dm{ri) 


Jc V 

= I 1 + I 2 , 


^ X-!j)k h2iv)dmirj) 


which is similarly estimated as 


l-^il ^ and I/ 2 I < ||/i||c“- 


Case 2: \z\ > 4. 
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In this case, fix a point Zg with jz — ZqI ^ and let h = hi + / 12 , where hi{ri) = xd-^o ~ v\)f^{v) 
and h 2 = h — hi, where now x : [ 0 , + 00 ) —>■ [ 0 , 1 ] is a smooth, non-increasing cutoff function with 
x(t) = 1 if t < 5 and x(0 = 0 if t > 5 . We write 


dP 


f i— - f -\h{ri)dm(vi) + f (— - \-- + -^)hi{r])dm{r]) 

J\T,\<i^z-'n TjJ Jc^z-rj rj 


+ 




1 1 0 


'i<\v\^^-h V n 
-hi{T] + z) 


^h2{r])dm{ri) 


Ic V 


dm{r]) + [ (- + ■^\hi{vi)dm{vi) 

Jc^V h '' 


+ 




1 1 




77 ?7 

m 


iv)+ [ ( 


1 1 Z 


which yields 


d'^P 


r -^jz + rj) 
'c V 


dm{r]) + 




Ic V 


'^h2{v)dm{r]), 


+ 


[ -r-^^^dm{r]) + f (4 “7— —^)f^2{v)dm{r]). (3.3) 

J\v\<ii^-V) Ji<\v\^h [z-riyj 


Noting that hi{ri) = h{r]) and ^ 2 ( 77 ) = 0 for |z — 77 I < and h 2 (rj) = h(rj) and hi{r]) = 0 for 
\z — ri\> we have 


f —-^)^2(r7)dTO(r7) 


-f 


-f 


-f 


l^<\z-n\<l 

/ 


i<|^|<l£i {z-rjy 
1 


dm{r]) 


i^<h-r/|<i (z-v)' 

Hv) 


1<|z-’7|<T h 


-dm{r]) + 


r^h 2 ( 77 )^ 777 ( 77 ) 

f -hjy) 

'l<\^-ri\P4 (Z-VP 


dm{r]) 


f (4 


and 


d’7l<l 


-Hv) 

(z - V? 


dm{r]) = 


-^<min(|? 7 |,| 2 : — 77 I) ' 

-Hv) ^ I I , f Kh) 

dmirij + / 

Ji<\v\<izl 


'H< 


l£i (z — 77)2 


(z - 77 )- 


;dm{r]). 
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We may therefore rewrite (1531) as 


d^P 


L 




c V 


dm(ji) 

h{r]) 




-Hv) 


Ic V 


|^|<l|i {z-T]) 
1 


7i<|,,|<l|i V V?7^ {z-’qyj 


T2<h-';l<i 


f + / 


.7,2 (z-rjy 

-Hv) 


2 dm{f}) 
h2{r])dm{rf) 


f (4 


if {z - rj) 


i<|^_^|<l£i {z-rjy 

^ h{rj)dm{rj) 


dm(r]) 


1 


— Il I2 + Iz li + H + I& ~'r I7 + Is,. 

As before, we have 


1^11 


< 


I Cl 


< 


while 


ICC 


l/sl < \z 


I/2I + I/3I < 


ICO 


< 


Ico, I/5I + l/el < ll^llco, 


CO 


'4<\v\ 


dm{r]) 


< 


Ico 


and, by (a), 


Ihl + I^tI < 2Ao. 


This completes the proof of Case 2 when k = 2. For Case 2 when A: > 3, we differentiate (13.31) to 
obtain 


W= i 


-^(= + 1) 


dm{r]) 




/ 

•/i<hl 


'hici 


(2 - vY 


dm{r]) 


{-ly ^{k - iy.h2{r]) 


{z - f]y 




dm{ri) + 


'^<b->7l 


dm{ri) 

(-l)fc-l(fc-l)!fe2(7?) 

{z-v4 


dm{r)), 


which is estimated to be 




This completes the proof that (a) => ( 6 ). 

It remains to show that if (b) holds, then the bound in (a) holds. By translation, it suffices to 
show that the existence of such a function P for C = 0 implies that 


sup 

rG [1,+cso) 


I 


l<|77|<r V 




^ Aq <C “hcXi 


(3.4) 
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for some constant Aq which only depends on the constants from (b). Let P be the function 
constructed in (EH). 

Claim 1: If P satisfies the conclusion (ii) of (b), then (a) holds. 

To see this, note that for |z| > 3 we have 


dP 


iz-r])r] 


h{r])dm{r]) + / —h{ri)dm{ri) 


+ 


L 




I<hl< 

;h{ri)dm{ri) 


' i^<min(|77|,|j2 —r/l) V^V 


;h{r])dm{r]) 


= Ii + I2 + + Ia- 


Because 

. dP, , 

Att—{z) < Ai\z\ 

by assumption, and we may estimate as above to see that 

|.^i| ^ ll^llcoNI. [.fal < ||/j||co|^|, and I/ 4 I < ||/i||coNI. 

we must have 


I/ 2 I = 1^1 




so that 


i<hl<- 

h{ri) 


<C(^l,||/l|lco)|z|, 


i<ir,i<M r 


dm(r]) 


<C{Au\\h\\co), |z|>3. 


Because r = .y- G [1, + 00 ) is arbitrary, the claim is proved. 


Claim 2: P satisfies conclusion (ii) of (b). 

Let P be a function satisfying (b) (for ^ = 0). By estimating directly as in the proof that 
(a) => (6), one shows that 

|VP(z)|<C(||/i||ci)k|log(|z|+2), 

while we have assumed a priori that |VP(z)| < Now, P{z) — P(z) = Q{z) is harmonic on 

C and satisfies \VQ{z)\ < C{Ai, ||/i||ci)|z| log(|z| + 2), and therefore Q{z) is a degree 2 harmonic 
polynomial!. Because Q{0) = 0 and |V(5(0)| = 0, we may write 


Q{z) = 2Re(cz^) for some c G C. 


^Let V{z) be a harmonic conjugate of Q{z)^ and consider the entire function f{z) = Q(z) + iV{z). The Cauchy- 
Riemann equations imply that |Vy( 2 :)| < C{h)\z\ log(| 2 :| + 2) as well, so that if u; € C is any fixed complex number 
and R > 2|u;| + 10, then 


\rM\ 


l(/')"(«')l < 2P-" sup |/'{7?)| < 

\r} — w\ = R 


(R + |iii|) log(2 + H + |«)|) 

IP 


—^ 0 as R —y H-oo, 


proving that f'" = 0, and therefore f(z) is a degree 2 polynomial. 
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It follows that 


(3.5) 


^iz) = ^iz)-^iz)=2cz. 
dz ^ ’ dz ^ ’ dz ^ ’ 


For \z\ < 3, the inequalities 


dP 


< Ai\z\ and 


^(z)\<cm\c^)\z\ 


imply that 


Ci\\h\\ci) + A, 

2 


By writing P{z) = P{z) — Q(z), we conclude that 


\VPiz)\<Cmc^,A,)\z\. 


Because this constant depends only on Ai and H/iUci (and not on the claim (and therefore the 
proposition) is proved. 


3.2 Biholomorphic Changes of Variables 

We start by defining a family of biholomorphisms $ : —>■ which preserve the class of UFT 
domains. Fix cr — (cr, (T 2 ) G and an entire function iJ : C —>■ C with H{0) = 0, and define the 
map $ : —>■ via 


(5, Z 2 ) = ^{z) = {z - a,Z 2 - (J 2 - 2iH{z - a)). 

It is immediate to check that $ is a biholomorphism. 

Define P{z) = P{z + cr) — Im(cr 2 ) + 2Re{H{z)) and ^ = {{z, Z 2 ) G : Im( 52 ) > P{z)}, and 
give n and bD the Lebesgue measures dm^ and as in the introduction. Then the following 

elementary result holds. 

Proposition 3.1. The domain and the biholomorphism d> have the following properties. 

(a) fl is a UFT domain with constants in (H1)-(H3) identical to those of fl. 

(b) $( 0 ) = 12 , $(bl 2 ) = bl 2 , and $(o’) = 0. 

(c) ^*{dmQ) = dma and ^*{dmy^Q) = dm^a- 

(d) As differential operators, ‘I**(Fbn) = ^ ^ {Z,Z,T}. 

(e) ^ ($-!)♦ oSo$*. 

Proof. For part (a), we need only note that AP{z) = AP{z + (t). Parts (b), (c), and (d) follow from 
direct computations. Part (e) is proved by noting that $* : L^(bl2) —>■ L^(bl2) is an isomorphism 
with Zy^^f = 0 if and only if Z\,q^* f = 0 in the sense of distributions. □ 
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By restricting our attention to cr G bf2 and carefully choosing the entire function H, we can 
ensure that the function P{z) behaves nicely near z = 0. In particular, for cr = (cr, (T 2 ) G bfl we let 
P'^{z) be the subharmonic potential function for h{z + a) given by part (b) of Proposition [L6l For 
K > 2, we then define 

p^,.^z) = P-{z) - 2Re( ^ . (3.6) 

j=2^' ^ 

Then our main result of this section is as follows. 


Lemma 3.2. Let LI = {z G : Im(z 2 ) > Piz)} be a UFT domain, and fix cr G bfl and k > 2. 

(a) There exists an entire function iJ : C —>■ C with H{0) = 0 so that the biholomorphism 
$ : —>■ from Provosition \3. 1\ sends Ll to Cl, where P{z) = 


^ 1 P 

(b) If we further assume that P = then H{z) = 


Proof. Let H be the unique entire function with H{Q) = 0 and 


2Re(iJ(z)) = P^'^^iz) - P{z + cr) + P(cr). 


Then 

P{z) = P{z + cr) - Im(cr 2 ) + 2Re(iJ(z)) 

= Piz + ct) - Pia) + [P'^’^iz) - Piz + a) + P(a)) 

= P'^’^iz), 

proving (a). 

Under the additional assumption that P = P°’^ and k> 3, we let H 2 denote the unique entire 
function with ^ 2 ( 0 ) = 0 and 

2 Re(P2(^)) = P‘^’^(z) - Piz + a) + P(a). 

Then P(0) = P2(0) = 0 and 


/ Jl. 1 prr \ 

/-■”(.-) = + 2Re( E y j 

( ^ 1 f)j \ 


so uniqueness implies that 


Hiz) = H 2 iz)+Y^ 
j=3 


1 

j! dzi 


iO)zP 


Moreover, writing 

p H^iz) + Ipi^ 
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yields 


and hence 


ajp^,2 d^p dJH2, , 


H(2)=H2(2)+^1(||^(<7) + 


J=3 


dzi 


(3.7) 


The result (b) immediately follows from (13.71) once we show that H2{z) = Pz{cr)z + iPz^z(cr)z^. 
To see this, note first that H 2 {z) = P^’'^{z) — Pz{z + a), so that 


iP'^’^iz) - P{z + a)+ Pia)\ = \2ReiH2iz))\ 

nl 


= 2 


Re^z / P^’^{tz) — Pz{a + tz)dtj 


<2\z\ \P^''^{tz) - Pz{(T+ tz)\dt. 


The Maximum Modulus Theorem applied to Hl^^z) on the disc |C| < \z\, together with part (b) of 
Proposition 11.61 and part (a) of Proposition 13.II then implies that 

+ p(^)| < 2|^| max + ^)| 

ICI=bl 

<2\z\\ max \Pz'‘^{0\+ max |Rz(cr + C)l ) 

\ICI=ld ICI=ld 7 

< 2Ai\z\{\z\ + |cr| + |z|) 

<kl(l + kl), 

and therefore — P{z + a) + P{a) is a harmonic polynomial of degree no more than 2. 

We may therefore write H 2 {z) = a + bz + cz^ for some complex constants a, b, c. The condition 
H 2 { 0 ) = 0 immediately yields a = 0, while 


so that 


Finally, 


b + 2cz = H 2 {z) = Pz{a + z) — P^''^{z), 
b = 77'(0) = Pzia) - Pf’2(0) = p^(^). 


=0 


2c = 77"(0) = P..,(a) - P-i2(o) = p^_^(^), 

=0 


This concludes the proof. 


□ 


3.3 Substitution of Schwartz Kernels 

We return now to the question posed in the beginning of Section [3] about Schwartz kernels. In 
particular, let bfl = {z G : Im(z 2 ) > P(z)} be a UFT domain and let HI : P^(bn) —>■ 
p2(bfl) be a bounded Re(z 2 )-translation invariant operator. We further assume that P = P°'^. 
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Fix (T = {a,a 2 ) £ bil and k > 2, and let $ : —>■ be the biholomorphism constructed in 

Section [3.21 corresponding to cr and the entire function H{z) in part (b) of Lemma [3.21 so that 
$(n) = Cl = {(z,Z 2 ) £ C2 : Im(52) > P'^i^iz)}. Then o H o $* is a bounded 

Re(52)-translation invariant operator on L^{hfl). 

Denote by H and the bounded (on L^(C x K)) operators 


M = Po (n-i)* o H o n* o jF-i 


and 

o (n-i)* o o n* o 

Lemma 3.3. As functions onCxCxR, the Schwartz kernels [M]{z,w,t) and ic, f) satisfy 

[M](z, w, t) = 

where 

T.iC,cT) = -2Im(^ - —(a)(C- ay). 

j=i 

Proof. The proof is similar in spirit to the derivation of Equation dm in . We begin by noting 
that for / £ L^(C X R) we have 

P o (n-y* o $* o n* o J-i o r) = hi o J- o (n-y* o $* o n* o p-^[f]{z, r) 

For {w, s) £ C X R, 

n($(n“^(n;, s))) = n($(w, s + iP{w))) 

= n(w — a,s + iP{w) — 02 — 2iH{w — a)) 

= (w — o, s — Re(o 2 ) + 2Im(JI(w — o))), 


and therefore for (w,t) £ C x R we have 

J'o(n~i)*o$*on* op-^[f](w,T) 

J-i[/](n($(n-i(n;, s))))ds 


= / e 


= / e 


^ — 27riTS -T — 1 


P [f]{w — a, s — Re(a 2 ) + 2lm{P[{w — a)))ds 


_ g —27rzT(Re(i72) —(lo—O'))) 


/ 

Jr 


— 2'KiTS T'—1 


P [f]{w — o,s)ds 


_ g-27riT(Re(CT2)-2Im(ff(u)-CT))) 


and 

J-o (R-y* o $* on* o 
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We therefore have 


^ ^2^ir{Ke(a^)-2lMH{z)) j: ^ (n"!)* o $* O H* O O M^^[f]{z + (7, t) 

^ ^2niT{Re{a2)-21miH{z))-^ ^ jC ^ O $* O H* O J^~\f]{z + CT, t) 

_ ^27TiT{Ke{(72) — 2lm.{H{z)) 

X I [Il]{z-\-ajW,r)J^ o o oU* o J^~^[f](w,r)dm{w) 

Jr 

_ g27rzT(Re(o-2) —2Im(i/( 2 )) 


Jr 

Jr 

Jk 

Because this holds for every / S L^(C x R), 


or equivalently 

[H] (Z, W, t) = e^^^r{2lmiHiz-a))-2ln,{H{w-a))) ^bOj - a, W - a, t) . 

Part (b) of Lemma 13.21 implies that —2Im(77(^ — a)) = r„(C, cr). This completes the proof. 


□ 


4 Metrics 

In this section we study the properties of the Carnot-Caratheodory control metric d{z,w) on bfl, 
obtain approximate formulas for d{z,w) to be used in later estimates, and construct a smooth 
version of d that allows us to construct bump functions on hfl adapted to the control geometry. 

On bO we decompose Z = ^{X + iY) and Z = ^{X — iY), where X = Z + Z and Y — i{Z — Z) 
are real vector fields. We begin by defining the control metric associated to the vector fields X and 
Y, and recalling a few of its properties. 

The Carnot-Caratheodory distance between z and w on bO is defined to be 

d{z, w) = inf {<5 : By : [0,1] —>■ bO, 7(0) = z, 7(1) = w, 

7'(t) = a{t)SX{'Y{t)) + P{t)SY{-/{t)) a.e., 
a,p€FPWS[ 0 ,l] and |||a(-)P + |/ 3 (-)nioo < l} • 

Here, the function space 1 ] consists of all functions / : [0, 1 ] —>■ M for which there exist 

0 = oo < oi < • • • < Oat < oat+i = 1 such that, for alH = 0,..., iV, / is smooth on (oi, ai+i) and 
f\(ai,ai+i) extends continuously to [ai,ai+i]. 
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By the results in [53], the balls with respect to this metric are given by 
Bdiz,6) 

:={wGhfl : d{z,w)<S} 

~{i(;£bn : |z — wl < i5 and |Re(z 2 ) — Re(i(; 2 ) — ^( 2 ;, w;)| < A( 2 ;, 5)} , (4.1) 

where ^ 

T{z,w) = —2Im^ j (z — w)Pz{w + (z — w)r)dr^ 

and S i-!> K{z, <5) is defined as 

A( 2 ;, 5) := sup{|t| : t G M and ^( 2 :, (z, t + Z 2 )) < <5}. 

Indeed, defining 

Cyld{z,5) = {w £hU : |z — w| < i5 and |Re(z 2 ) — R-e(w 2 ) — ^’( 2 :, w)| < A(z, ^)}, 
we may express m quantitatively as 

Cyld(^z,^S^ C Bdiz,S) C Cyldiz,3S). 

To see this, note that if |2 — i(;| < 5 then A(z, 6) > A{w, ij), and therefore 
Cyldiz,S) 

= {tu : |u; — z| < 5 and |Re(z 2 ) — Re(w 2 ) — T(z, ■u;)| < A( 2 ;, (5)} 

C {tu : jw — z| < 5 and |Re(z 2 ) — Re(w 2 ) — T(z, ■u;)| < max A((z*, Z 2 ), 5)} 

\z* — z\<6 

C Bdiz,AS) 

and 

Bd{z,S) 

C {w : |w — z| < 5 and |Re(z 2 ) — Re(w 2 ) — r(z, w)| < max A((z*, Z 2 ), 5)} 

\z* — z\<5 

C {tu : jw — z| < 5 and |Re(z 2 ) — Re('u; 2 ) — T(z, ■u;)| < A( 2 , 3(5)} 

C Cyld{z,36). 

Thus, Bd{z,5) is a ‘twisted ellipsoid’, with minor radii 5 in the z-direction and A(z,(5) in the 
Re(z 2 )-direction. 

Remark 4.1. By Proposition 13.II and part (a) of Lemma 13.21 Z, Z, T, S, and the metric d{z,w) 
are preserved under the biholomorphisms produced in Section [3| In other words, the estimates 
appearing in Theorem 11.11 Corollary 11.21 Corollary 11.31 and Theorem 11.41 are also invariant under 
these biholomorphisms. We will therefore assume that P = P°’^ throughout the rest of the paper. 

Our first major result in this section, proved in Section l4Tl describes A(z, S) in terms of h. 
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Lemma 4.2. Suppose that h{z) satisfies (HI) and (H2). Then, uniformly in 0 < 5 < +c» and 
z G 

A{z,S)f^ f h{rf)dm{rf). (4.2) 

J\'q—z\<5 

Moreover, there exists Sq > 0 so that 

A{z, S) ~ for So < S < +oo. 

One consequence of Lemma 112] is that (HI) and (H2) imply that every UFT domain is approx¬ 
imately quadratic in the sense of [33]. The conclusion of Lemma 14.21 for S > Sq will follow from the 
following technical result, whose statement is slightly altered from (but admits the same proof as) 
the original. 

Lemma 4.3 ( |33j . Theorem 4.2). For bounded and continuous h{z), the following are equivalent: 
(a) There exists 0 < do < +00 with A{z,5) ~ uniformly in S > So and z G bO, 


(b) For some do > 0, 


'\ri-z\<So 


h(ji)dm{r]) 


1 uniformly in z € C, and 


(c) There exists 0 < do < -l-c» with / h{r])dm{r]) ~ , uniformly in z G C and S > Sq. 

J\rj—z\<5 

By Lemma [4.21 we may take d 1 —>■ A{z,6) strictly increasing, and can therefore compute its 
inverse d H > pl[z,5). That is, 


A{z, n{z, d)) = d = fi{z, A{z, d)). (4.3) 

The results of [33] and Lemma [3?31 imply that 

d{z,w) •^\z-w\+ fi{w, |Re(z 2 ) - Re(w 2 ) - T{z,w)\). (4.4) 

We establish (14.41) by taking d = d{z,w) in (14.IL and noting that if A = \z — w\ and B = 
|Re(z2) — Re(w2) — T{z, n;)|, then B < A{z, d), so that A-\- pL{z, B) < d. Similarly, A-\- pi[z, B) > d, 
establishing gHj). 

By using our biholomorphisms from Section|321 we can obtain a simpler version of formula (lOl) 
for d{z,w) depending on the size of \z — w|. 

Lemma 4.4. Let d{z,w) be as above. 

(a) For \z — w\ > 1, 


d{z,w) Ri |z - ?n| -I- pl{w, |Re(z 2 ) - Re{w 2 ) - T 2 {z,w)\) 
r: |z — ?n| -I- yL{w, |Re(z 2 ) — Re(w 2 ) — Ti{z,w)\). 

(b) For |z — ?ii| < 1 and k > m, 

d{z,w) ^\z-w\+ p,{w, |Re(z 2 ) - Re(w 2 ) - T,^{z,w)\). 
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We prove Lemma 14.41 in Section 14.21 

Finally, the proof of Theorem 11.41 requires, for fixed w G bfl, a smooth version of the function 
2 : I—>■ d{z,w) for constructing smooth bump functions; cf. [29j|39]. This is accomplished by the 
following result, proved in Section 1431 

Lemma 4.5. For each w G bfl there is a function d*(*, w) : bfl —>■ [0, +oo) with 

(a) d*{z,w) Ki d{z,w), and 

(b) \Z^d*{z,w)\ < d*(z,d( 2 :,for |q;| < 2, 

where Zf denotes an arbitrary \a\-order derivative in the vector fields Z or Z acting in the z 
variables. Moreover, the constants in (a) and (b) can be chosen independently of z and w. 

4.1 Proof of Lemma 14.21 

The first step in the proof of Lemma 14.21 is a technical result establishing several quantities that 
are comparable to A{z,S) for S sufficiently small and z G C. 

Lemma 4.6. Suppose that h{z) satisfies (HI) and (H2). Then there exists i5o > 0 and vq, ... ,Vm G 
S^ C C so that if 


P m 

Ai{z,S)= h{T])dm{T]), A 2 {z,S) = sup'^\Vi~'^h{z)\ 6 ^, 

J\ri—z\<5 \y\ — '^ A—n 


m / 771 


hl=ij=2 

m / j -2 


d^-^h 




j =2 \ k =0 / 

then, uniformly in 0 < S < Sq and z G C, 


j =2 \k =0 




A{z,S) ^ A,{z,S) ^ A 2 {z, 6 ) ^ A 3 {z,S) ^ A 4 {z,S). 

The proof of Lemma 14.61 uses the following two elementary facts. The first allows us to inter¬ 
change mixed partial derivatives with linear combinations of directional derivatives. 

Proposition 4.7. Fix j > 0 and z G C, and suppose that f is smooth in a neighborhood of z. 

(a) If iz G C C, then 

fc=0 ^ 4 

(b) If Vo,, Vj S 5'^ C C are chosen so that the vf, are distinct, then there exist constants a{n, k) 
for 0 < n,k < j, with 

dz^di-k 

n—0 

_ j'O'+i) 

w/iere |a(n, fc)| < (j!)^ ( min — z/gl) ^ . 

\ a^/3 ^ ) 
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Proof. Part (a) follows immediately from the formula 'S/^f{z) = vfziz) + vfz{z) and induction. 
For (b), define vectors D, H, V" G C'’+^ for n = 0,1,..., j by 


Dk+i=ViJ{z), Hk+i = 


d^f 


j 

kj dz^dz^~^ 




and 


Vfc+i = v'fvf ^ = vl^ ^ for 0 <n,k< j. 


Then if is the (j + 1) x (j + 1) matrix with rows V°, V^,..., V\ then A^H = D and 


detAi, = ■ ■ ■ Vj) ■’det 


1 vl 

1 

1 r-l 


1 -I 


2 j 

'Va 


0</3<a<j 


because the numbers are distinct, where we have used the formula for the determinant of a 
Vandermonde matrix. 

Therefore A^, is invertible, and H = A~^D. We now estimate the entries of A~^. Note that 
if AP’^ denotes the pq-th minor of Ai,, then \AP;‘^\ < j\ because all of the entries of A^, have unit 
modulus. By the well-known formula for the classical adjoint and the above explicit formula for 
detxli,. 


\{K^)pq\ < j! 


n 

0</S<Q;<J 




2 


and therefore the constants a(n, k) in 


dz'^dzA~^ 


iz) 


J2ain,k)Vi^f{z) 


n—0 


are bounded by 


|a(n, fc)| < 



_ jQ + i) 

k\{j - k)\{^mm\iyl-lyjlj 


< 



^ j(j + l) 

-4iy ’ 


as desired. □ 

The second elementary fact allows us to choose, for a fixed C'^{C) function h and 2 G C, a 
direction i/* G C C so that |V^/i(z)| is essentially maximal for j = 0,1,..., J. 
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Proposition 4.8. Fix J G N and let h : C ^ C be C'^. Then there exists a constant C{J) > 0, 
independent of h, and for each z G C there exists a direction G G C so that 


d^h 


iv>.k(=)i>c(j)j:ig3^w 


fc=0 


j = 0,..., J. 


In particular, taking J = m — 2 and C = min C'( J) we have 


m / j-2 


3=2 3=2 \ k=0 


d^-^h 




dz^dz^-"^-^ 


(5^, 0 < <5 < +00. 


Proof. We claim that for each j > 0 and c G (0, 27r) there exists C = C(f,c) > 0 so that, if a 
denotes arc-length measure on C C, 


: \yihiz)\ > 


> c. 


(4.5) 


k=0 


Granting this for the moment, for j > 0 we set c = 27r — 2 ^ and choose C{j,2'K — 2 ^ 

accordingly. If 

/10-) = {|.£S‘ ; \Vih{z)\ > CU.2i,-2-‘Gi2\ gf/,,.p f}- 


fc=0 


then 




3=0 


m-2 


3=0 


3=0 


>27r- 2"^"^ > 27r - 1 > 0 , 


3=0 


so we can choose S (| A(j). Setting C = min C(j, 27r — 2 ^ ^), for this particular 

* * 0<7<m—2 

3=0 

have 


we 


3-2 


lvi;^h(z)l>cJ2 


d^-^h 


k=0 


dz^dzi~‘^~^ 


-2-k 


j = 2,3,...,m, 


and therefore 


m / j-2 


j=2 3=2 \ k=0 


d^-^h 


dz^dzi~‘^~^ 


-2-k 


( 5 -^ , 0 < (5 < + 00 . 


It therefore suffices to establish (14.51) . Fix z G C. For n G part (a) of Proposition ST] implies 


that 


’Vf 




k=0 


d^h 


kJ dz^dz^~^ 




2k 


26 















Write bk 


j\ d^h 


v^s/ih{z) = Y,hky'^K 

li bk = 0 for k = 0,1,..., j, then for any choice of c (1431) holds for any C{j,c) > 0. We may 
therefore assume without loss of generality that bk ^ 0 for some k. Define B = J2k=o l^fcl> 

Ofc = B~^hk. Defining S'^i(ciV)(0,1) = {a £ <C^ : ||a||^i = 1} to be the unit sphere in in the 
£^-norm, we have 

j 

h^{v) := B-^u^Vih{z) = Y, aki^^" e r{2j, 1), 

k^O 

m 

where 7^(m, 1) := {pa{^) = ^ G S'^l(Cm + l)(0, 1)}. 

k—0 

We now show that if c G (0, 2tt), then there exists C > 0 so that for pA G 'P{2j, 1), 

cr{{ V : IPAii')] > C}) > c. (4.6) 

To see this, suppose that on the contrary that for all C > 0 there exists A{C) G 5 '£i(c 23 +i)( 0 ,1) 
with 

(j{{v & : \pA{c){^)\>C}) < c. 

Define a smooth, nondecreasing function y : K —>■ [0,1] with 


and for A G define 


Note that 


x{t) 


1 if t > 2, 
0 ift<l, 


fc{A)= [ x{C ^\pA{v)\)da{v). 
JS^ 


(a) C !->■ fc{A) is non-increasing. 

(b) A H> fciA) is continuous in A. 

(c) a{{v : \pA{’^)\>‘2C})<fc{A)<a{{iy : \pAiy)\>C}). 

Let 

H{C) = {A : A G 5 £i(c 2 j+i)( 0 ,1) and fciA) < c}. 

By (b), H{C) is a closed subset of 5^1 (£ 23+1 )(0,1), and is therefore compact. Moreover, (a) implies 
that H{C') C H{C) for C < C. By choosing A(C') for a sequence C —>■ 0 and passing to a 
convergent subsequence, we see that there exists A G P| H{C). But then 

00 

(t({j 2 : \pa{i^)\ > 0}) = lim a{{ly : |pa(j^)| > 2(7}) < c < 27r, 
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so that 


e : |pa(i^)| = 0} > 0. 

By interpolation we have A = 0, contradicting the fact that A G S'^i(c2j+i)(0,1). This establishes 
To see how (14.51) follows, we need only note that 

d^h 

fe=0 


: \Vih{z)\ > I (^)|}) = ^ ■ |/*aM|>C}). 


□ 


We also recall the following result from [2] for convex functions of one variable. 

m 

Proposition 4.9 ([2], Lemmas 3.2 and 3.3). Suppose that Q{t) = ’'^^ajt^ + R{t) is convex on 

j=o 

[0,T], such that Q(0) = oq = 0, Q'(0) = ai = 0. ITe assume that < Ckt'^~^^~^ for 

m 

0 < /c < m + 1, and that \ aj\ ~ 1. Then there is a positive constant C = C{m, Ck) such that, 

i=2 

for 0 <t < min(C', T), 


m 


Q{t) R 

. Y^\a,\P, 

(4.7) 


J=2 


Q'{t) R 

771 

(4.8) 


J=2 



Remark 4.10. The result in [2] actually shows that, for example, 

m 

i=2 


Because the sum of the \aj \ is comparable to 1, the ‘junk’ term is negligible if t is sufficiently 

small, which yields the result above. 

Before we give the proof of Lemma 14.61 we need to recall some terminology from [33] . We say 
that a set A C C is a pen if it is open, connected, simply connected, and if bA is FPWS (i.e. 
it is locally parametrized by a continuous function with FPWS velocity). Let L(bA) denote the 
perimeter of A. Then for z G C and 5 > 0, a finite collection of pens R = {i?i,..., Rn} is called a 
(z, 5) — stockyard if 


N N N 

z G [J hRi, ^ L{hRi) < S, and bi?i is connected. 

i—1 i—1 i—1 

One of the main results of [33] characterizes A{z,6) in terms of (z, 5)—stockyards. 
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Theorem 4.11 ([53], Theorem 1.1). 


A(z,S) 


sup ^ f 

{z,6) —stockyards ^ pi - 


h{r])dm{r]). 


We are now ready to prove Lemma 14.61 

Proof of Lemma \PB[ Without loss of generality, we may assume that z = 0. Let Vn = exp 

for n = 0,1, 2,..., m. Then the numbers are distinct, and therefore satisfy the hypotheses of 
Proposition 14.71 

We first claim that there is some (5o > 0 such that 


Ai(0, <5) « A2(0, 5) « A3(0, 5) « A4(0, <5) (4.9) 

holds uniformly for all 0 < d < Jn, with constants that depend only on m and the constants from 
(HI) and (H2). 

To see this, first expand hijj) in its Taylor series as 


m i-2 


d^-^h 


j—2 k—0 


k\{j — 2 — k) \ 




k-j — 2 — k 


“1“ 2(^); 


(4.10) 


and choose ;/* = 6*®“ as in Proposition 14.81 A simple size estimate and Proposition 14.71 yield 


m j-2 


hl<<5 


i=2 fe=0 
m m 

n—0 j—2 


f^j — 2-L 

h{r])dm{r]) < 


6^ +0{\\h\\c^-i6^+^) 


< sup ^ \vi-^hms^ + 0(||/i||c™-i<5-+i) 
M=1,=2 


sup \yi ^/i(0)|(5'^ 


kl=l 


i=2 


^|VC"/i(0)|(5^ 

j=‘2 


(4.11) 


if 0 < i5 < <5o, provided that i5o is taken small enough (depending only on Ci from (HI), ||/i||( 7 m-i, 
and to). 

We next show that A2(0,(5) < Ai(0, i5), which (together with ()4. 111) 1 immediately implies ()4.9p 
as long as i5o > 0 is chosen sufficiently small. Fix c > 0 (to be chosen later), for integers a, fi define 

C{a,l3,c) = ^1) ^ fgj. |q;M/ 3| < m we have \C{a,/3,c) — 2c| < c^. We 

\a- P\ 
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compute 


Ai(0,(5)= [ h{ri)dm(ri) 

J\r]\<S 
rS 


> 


Jo J\9 


rh{re^^)d9dr 

f 0 J 1^ —^ol^c 

r6 r rS 

A9, 


0 J \9 — 9q\'^c 


rh{re™°)d9dr + 


r{h{re'‘^) — h{re’‘^°))d9dr 


0 J \9—9q\'^c 


= 2c 


'^h k-i-2-k 


m ci t-2 , 

Y-Y _i_ 

j k\{j — 2 — k)\ dr}^dr]^~‘^~^ 


+ / ri?m-2(re*®“)dr 

Jo 


"" ^ [C{k, j-2-k,c)- 2c] a^-2/i 


+Eji: 

3=2 k=0 

rS 


k!(j — 2 — k)! dri^drji~'^~^ 


-73^(0) 


k-3-2-k 


= 2c 


0 J\e-eo\<c 


r[i?m_ 2 (re*®) - R,n- 2 Y °)]d-9dr 
■s 


^/i( 0 ) + f ri?m_ 2 (re*®”)dr 

Jo 


i=2 

^ [Cik,j -2-k,c)- 2c] d^-^h ,,,.,fe,_,,_ 2 _fe 

1 ^- 2 ^ - i.u. o —^7^- 

3=2 k=0 


k\{j — 2 — k)\ dri^dri^ ^ ^ 
r[R^-2{re"^) - Rm.-2{re'^°)\d9dr, 

0 J\6-9o\<c 

where we used (|4.10l) in the third step and part (a) of Proposition HTj in the fourth step. 
Note that because 

I - ^ [C{k,j-2-k,c)-2c] 

/ y „■ / y UMa o 7„M i0^ki0=i-2-ky^>^*^* 


3=2 ^ k=0 


k\{j — 2 — k)\ dri^drii~'^~^ 


^32 f)j-2u 

^(0) <5^ =c3A2(0,5) 


j—2 k—0 


and 


I dr]^dr ]3 ^ 

r[Rm-2{re"^) “ i?m-2(?’e*®“)]d6>dr < c\\h\\cm.-i6^+'^ 


'0 J \9 — 9q\'^c 

by (|4.11ll and by taking Jq and c sufficiently small it suffices to show that 


E(-3^^E^(0)+ I rR^-2{reYdr 


3=2 


(4.12) 


(4.13) 
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To this end, for t > 0 define H{t) as 


H{t) = 



j-j 

(j - 2)!j 



sRm-2{se'^°)ds 


dr. 


Because 

and 


H{0) = H'{0) = 0, > 0, 


f f sRm-2{se^^°)dsdr < fc = 0 , ...,m + 2 , 

Jo Jq 


^ rt rr 
dt^ 


we can apply conclusion (j4.8ll of Proposition |T9] to obtain 


E 

j=2 


P 


u - m 


VC'M0)+ / ri?™-2(re*®“)dr > V|VC"/i(0)|t- 

Jo ^-=2 


for all 0 < t < (5o, if 6o is taken to be sufficiently small (depending only on Ci , WhWcr.-., and to). 

In particular, choosing t = S we see that the right hand side of (14.131) is therefore bounded below 
by a constant multiple of 

m m 

2c^ \Vi-'^h{0)\d^ + o(c2 '^\Vi-^h{0)\6^ + c(5™+i) 

j=2 j=2 

m 

>cA2(0,J), 

i=2 


provided that c and <5 are taken to be sufficiently small (depending only on Ci, ||/i||(; 7 m-i, to, and 
5o)- This concludes the proof of the (14.9|) . 

We now show that for 0 < <5 < Jq (for i5o as above), 


A(0,(5)Ri f h{r])dm{r]). 

J\v\<s 
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We apply (j4.9p to obtain 


\v\<s 


h{r])dm(r]) < 


sup 


^ / h{r])dm{r]) 

D /- D jRi 


{0^105) —stockyards R R 

< I sup h{r]) j 

Y|7)|<105 J 

m I |j_2r2 

hKioi^ (j-2)! I-*! 

m 

< sup ^|Vr2/j(0)|<5^ +O(||/i|lc_,<5'"+i) 


~ sup ^ |Vi ‘^h{0)\S^ 

IH=i,-.2 

m 

«^|vc"/i(o)|5^' 

i=2 

Ri / h{r])dm{r]), 

J\r]\<S 

which, after applying Theorem 14.111 concludes the proof of Lemma 14.61 


□ 


Remark 4.12. In the sequel it will be helpful to note that, for fixed i5o > 0 and k > to, we have 


EE 


j—2 \k—0 


d^-^h 

'dz^d¥-^ 


{z) 


6^ 


A{z, 6) for 0 < S < 6o, 


with constants that depend only on 5o, k, and the constants appearing in (HI) and (H2). 

Proof of Lemma 14-^1 The conclusion for 0 < <5 < Jq follows immediately from Lemma 14.61 The 
proof is complete once one observes that (HI) and Lemma 14.61 imply that h(z) satisfies Lemma 
14..ir bL and therefore also satisfies parts (a) and (c). □ 

As an immediate corollary of Lemma 112] and Lemma 117^ we gain the ability (to be used in the 
proof of Theorem ll.ip to approximate the function r i— /j^(z, t) with one that has a specified bound 
on its growth rate. 

Corollary 4.13. There exist constants 0 < c < C < +oo, and for fixed z £ bH there exists a 
non-decreasing function t i —>■ gP{z,T), such that cg*{z,T) < ijl{z,t) < Cg*[z,T) and 

H*{z,2t) < 2^fj.*{z,T). 

Proof. By Lemmas 14.21 and 14.61 and (HI), for fixed 2 £ bH there exists a continuous function 


5^A*{z,5) 


OjS^ if 5 < 1, 

j=2 

6^ if5>l. 
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with the Oi > 0, 02 + • • • + o^ = 1, and A* ( 2 , 6) ~ A( 2 ;, 6) for 0 < 5 < +00 with constants in the 
approximation depend only on the constants from (HI) and (H2). If satisfies 

fi*{z,A*{z,S)) = 6 = A*{z,fj,*{z,S)), 

then we have fj.*{z,T) fv fj,[z,T), as desired. The inequality 

A*{z, fj.*{z, 2t)) = 2r = 2A*{z, fj*{z, r)) < A*{z, 2^n*{z, r)), 

then yields 

ti*iz,2T) < 2^fj.*{z,T). 

□ 


4.2 Proof of Lemma 14.41 

Let Cl — {z € <C^ : Im(52) > and let $ : —)► be the associated biholomorphism in 

Section [321 If d denotes the Carnot-Caratheodory metric on hCl, then 

d{z, w) = d($( 2 ;), $(u;)) = d{^{z), 0). 

Denote by A and fl the analogues of A and n on bD, and note that because A(0,(5) = A{w,6) for 
5 > 0 by Remark l4Tl we have fl{0,6) = fj,{w,S) as well. Let 

^ 1 P 

z = ( 5 ,^ 2 ) = ^{z) = {z - W,Z2 - W2 - 2i'^———{w){z - wY). 


Setting ^(z, 0) =—2Im( / zPy’'^{zs)ds\. equation (14.41) yields 


d{z,Q) Ki |5| +/i(0,|Re(z2) -f(5,0)|). 

Note that when |z| > 1 property (b)-(ii) of Proposition 11.61 and Lemma l42l yield 

Qpw,2 


\T{S,0)\ = 


2Im 


dz 


-{zs)di 


A(0,|i|). 


Hence, either 


|Re(i 2 ) - ^(z, 0)1 Ri |Re(z 2 )| or 
|Re(z2)-f(z,0)| <A(0,|5|), 


so that d{z, 0) r; |z| + /2(0, |Re(z 2 )|). For |z — wl > 1 we therefore have 

d(z,w) =d(<P(z),0) Ri |5| +/i(0,|Re(z2)|) 

= |z - icI + |Re(z 2 ) - Re(w 2 ) - T 2 (z, u;)|). 


Because 


1 d^P 
2~^ 


{w){z 



< 


A{w, \z — w|) when 1^ — w| > 1, 
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we also have 


d{z, to) « |z - wl + fi{w, |Re( 2 : 2 ) - Re(w 2 ) - Ti{z,w)\) for |z - w| > 1, 


which proves (a). 

On the other hand, if |z| < 1 and k > m then 


= 2 Re(j 2 


1 


m - k—1 


^ j\ dz^ 

(=1 •' / fc=2 i=i 


1 ^ fk\ 


j J dzidz^-^ 


— (0)Fp-^'+P„(z) 


1 


m . k—1 


1 ^ /'k\ d’^P 


= 2Re( E 7I^(0)F ) + E If E ( ,) 


where 


Then 


so that 


Because 


and 


0=1 


kl 

fc=2 J = 1 


J y dz^dz^-i 


( - ^ ^ 1 Q3 

RmA^) = Rm{z)-2Re\ E — a;.- (0)^'^ 


^ j=rn+l 


j! dz^ 


QP^a ^ 1 g,p^,2 _ ai? 

-(^)=2^- -TTT (0)^^ 


dz 


t=i 


(j -1)! az-j 


™ 1 -1\ 


Sz 


k-l\ d^P'^'^ 


- 1 / dz^dz'^-i 


37(0) 




—2Im 


Qpw,2 > 

z—— {zs)ds 


dz ^ 

. - 2 , 41 r 


0 = 1 


j! Sz-i 


dz 


T7(0) 


\ \7 ~ 1/ oz^oz'^ ^ 


E7!^i^(o)^'j =^«(^’0), 

£ 5^^(zs)ds = 0(||/r||c^-yzr+i), 

™ 1 fc—I _ 2\ Qkpva,2 


yj zk-j 




k\ ^ \j — IJ dz^dz^~^ 

. k—2 j — l 


37(0)5' 


Jzk-j 


< A(0,|5|) 
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by Lemma 14.61 we have 


T(5,0)-r,(z,0)=0(A(0,|5|)). 

Hence, either 

|Re(z2)-f(5,0)| |Re(z2)-Tj5,0)| or 

|Re(z2)-f(5,0)|< A(0,|5|), 

so that d{z, 0) si \z\ + /i(0, \z — T^{z, 0)|). This yields 

d{z,w) = d{^{z),0) Ri |z| + /x(0, \z - f^{z,0)\) = \z - w\ + fi{w, \z - w - T^{z,w)\) 

for \z — w\ < 1, which proves (b). 

4.3 Proof of Lemma 14.51 

By arguing as in the proof of Lemma lT4l it suffices to prove the result when w = 0 and P = P°-^. 
Fix z = {z, Z 2 ) S bfl, and define 

g{z) = Re( 2 ; 2 ) - T{z,0). 

Choosing vq, ... , 1 ^^, tohe Vn = exp(^^^), we apply Lemma and Lemma to define a smooth, 
increasing function 

{ m / m \ 

<52 if 5 » 1 , 

with i5“^A(5) and d“^A((5) non-decreasing, and let fl{S) be the inverse function to (5 H> A(d). We 
define ^ 

d*smaiiiz,0) := fl(^{A{\z\^) + g{z)^y^ 

and 

dLrge{z,0) := {\z\* + |Re(z2)P)T 
By the explicit formula in Lemma 14.21 


qn _ ifd(2:,0)<l, 

\dLrge(.Z,0) ii d{z, 0)>1. 

Let X ■ [Oj + 00 ) —>■ [0,1] be a smooth, non-increasing function such that x(t) = 1 for t < 1 and 
x{t) = 0 for t > 2. We then define the d on bB via the formula 

d* ■= x{d*small)d*small + (1 ~ X(eC?Lrge))^*arge- 

By choosing e sufficiently small, we can guarantee that dK. d*. 

It remains to show that the formulas in (b) hold. To this end, it suffices to estimate the 
derivatives of when d* < 1 (so that \z\ < 1), and the derivatives of when d* > 1. 

Because the derivatives of d*g^^g^ are much simpler than those of d*^^ii, we only show the details 
for d*^^ii. 
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We start with Note first that 


iZg{z) = P^{z) - f P^{zr)dr - f zrPz^z{zr)dr + f zrP^^z{zr)dr 
Jo Jo Jo 

= 2 / zrPz^z{zr)dr 

Jo 


and 


iZg{z) = ‘2 [ zrPz^z{zr)dr. 

Jo 

Arguing as in the proof of Lemma 14.61 and writing P^^z = h, for |a| = 1 we have 

\W‘^g{z)\=2\z\ [ r/i(zr)dr < 2|z|( sup 
Jo ^hKIzl 


1 


■hl<ld 
1 


^ Ti / Hv)dmig) « -p-rAdzl) 

1^1 J\r,\<\z\ 

by Lemma [4.61 

For second-order derivatives when \z\ < 1, we apply (jd.lOl) to see that 
- iZZg{z) 


= 2zd: 


/ rh{zr)dr 

Jo 




U j=2 k=0 


d^-^h 


— 2 — k) \ dz^dzP 


-—{0)z'^z^-^-'^ + rRm- 2 h{zr)dr 


„i r ™ f-2 


= 2 ^-/ EE 


“ 1)Kj — 2 — k)\ dz^dz^~"^~^ 

2 ^dJva—2h 


/c-l-7-2-fc 


+ r^ 


dz 


-(zr) ydr, 


so that because \z\ < 1 we have 


m / j-2 


\ZZg{z)\<Y,[Yl 

j=2 \ k=0 


a^-2/i 


dz^dzi-'^-'^ 


3 ^( 0 ) ]\zr^+omc^-Azr -^)«^ a (| z |). 


Similar computations show that 


\ZZgiz)\ + \ZZgiz)\ + \ZZg{z)\ < ^A(|^|) for |z| < 1 


as well. Note also that 


n/c 

-^jl{VS) ft! il{VS)6~'" for fc > 0. 
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Writing g := g{z), and d* := d*{z,0), we compute that for d* < 1 (in which case \z\ < 1 as 
well), 


\Wd*\ = 
< 

< 


Wfi 




A(|zP)+g2 

d* 


+ lfl|- 


A(kl) 


A(kl) + l5l 1^1 

y* A(|z|) 

^ A(d*) k| 

< 1 , 

where in the third line we used the facts that A(<5^) r; (A((5))^ and + 6^ r; (a + 6)^ for a,b > 0, 
and in the last line we used the fact that S i—> i5“^A(d) is increasing. Similarly, we have 

'A(|z|)2 


\W^d*\ < 


< 


A(d*)4 

d* 


A(d*)4 

< (.d*r\ 




V ——( 
) ^ A 1^*12 V 


A(d*)- 


A(d*)2 

W(d*) 


l5l 


A(kl)' 


A(d*) 


which gives the desired estimates for d* < 1. 

The proof for d*^^g^ when d* > 1 is similar, except that one must estimate the derivative of 
diarge ^’^d use the fact that \Pz{z)\ < \z\. This concludes the proof. 

Remark 4.14. Lemma [4.51 is very similar to a result of Nagel and Stein [29], who constructed 
such a metric d* on the boundary of compact domains and polynomial model domains. In that 
setting, compactness allowed them to take higher order derivatives of d*. We do not pursue this 
here, because our results only necessitate control over the first and second order derivatives of d*. 


5 Definition of ¥k,k' and Nk,k' 

Throughout this section, fix a UFT domain ft = {z G C'^ : Im(z 2 ) > T’(z)} and assume that 

P = for some cr,K. The proof of Theorer n l l.ll is fundamentally reduced to the study of the 
weighted d equation on C, carried out by Chrislo in |5]. That is, for subharmonic P : C —>■ M such 
that iTrrAPdm is a doubling measure, he defines the (closed, densely defined) operators 

Z = = a + 27rTPj, -Z = Dr = -dp2-KTP^ (5.1) 

on L^(C), which are equivalent to B and —d acting on L^(C; e“'^'^'^^*^^^dm(z)). He then carefully 
studies the operators 

IG={DrDr)~^, Mr = -Dr O (Prd?r)“\ 

M; = (PrPr)"^ oPr, and S = / - Pr O (PrPr)"^-Dr, 

^Christ only considers the case r = 1 in his paper, so the following discussion and the results in Section [6] should 
be interpreted (in the notation of 0) as an application of Christ’s results to the function 4>{z) = tP{z) for r > 0. 


37 




















giving pointwise bounds on their Schwartz kernels in terms of a metric Pr :CxC—> [0,+oo) and 
a closely related smooth function (Tt- : C —>■ [0, +oo) defined by 

/ 4TTTAP{r])dm{r]) ~ 1 

J\ri—z\<tT^{z) 

uniformly in z G C, and which measures the local average degeneracy of tAP. 

Remark 5.1. For the UFT domain ff, the fact that tAP is a doubling measure on C (with doubling 
constant independent of r) and the existence of the function crr{z) follow immediately from Lemma 

[421 


In this section we use Christ’s weighted operators to define the operators and Nk,k' 

appearing in the statement of Theorem 11.11 More detailed information about PT^ and the 
pointwise bounds for [S,-], [Gt-], [Rt], and [R*] can be found in Section [HI where we give pointwise 
bounds on the Schwartz kernels of {Z°‘'¥k,k 'and {Z°^'Hk,k'Z^)^. 

We begin by making three basic observations. 

Lemma 5.2. Let A{t) = suptTT-(z). Then A{t) < +oo and is non-increasing for r G (0,+oo). 

zee 

Moreover, there exists a constant C > 0, depending only on the constants appearing in (H1)-(H3) 
(but independent of t), such that as operators from L‘^{fC) —>■ 

IIG^II < CA{t)\ ||R,|| + ||R;|| < CA{t), and ||S,|| < 1. 

Proposition 5.3. As operators on L^(C), Gr, Rt, R*, and Sr are strongly continuous in t G 
(0,+oo). That is, for fixed f G Lf(C) and any operator Mr listed above, 

lim Mr+hf = Hr/ in L^{C). 

h^O 

Proposition 5.4. For almost every {z,w,t) G C x C x R, 


[S]{z,w,t) 


[Sr](z:,w) ifT>0, 
0 if T <0. 


The proofs of Lemma [121 Proposition [221 and Proposition 15.41 are provided in Appendix jB) 
Now fix a smooth, non-increasing function y : R —?> [0,1] which satisfies x(t) = 1 for r < 1 and 
x(r) = 0 for T > 2, and formally define the operators ¥k,k' and Nk,k' on L^(C x R) via 




/ x(t 

Jc 




Sr(Rr)‘^ ]{z,w)f{w,T)dm{w) 


and 

for r > 0, and 
By Lemma (521 


Nk,K' [f]{z,T) 


(1 - x('r))[RfSr(Rr)^1(^,w)/(w,r)dm(n;) 


JC 

'^K,K’[f]{z,T) = NK,K'[f]{z,T) = 0 for T < 0. 
||RfSr(R^)'"'||L2(c)^i2(c) < A{t)^+^', T > 0, 
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we therefore immediately have that ^k,k' and Nk,k' are closed and densely defined operators on 

L 2 (C X R). 

Finally, define 

¥k^k' = Tl* oj^-^ oFk^k' 

and 

Nkm' =TI*oT-^oNkm'oTo(II-^)*. 

By (15.11) we immediately have 

{Z°¥k,k'Z^)^ = W^Fk^k'W^ and {Z°Nk,k'Z^)^ = W^Nk^k'W^, 

so that 

[{Z<^¥K,K'Zf^)%z,w,T) = x(T)[VF“Rf§,(R;)^'VF,^](0,a;) (5.3) 

and 

[{Z<^nK,K'ZPT]{z,w,T) = (l-x(T))[hF“KfS,(K*)'"V,^](0,u;), (5.4) 

where for a multi-index a we have Z'^ = Z^^ ■ ■ ■ Z^^ and 11“ = Dr^a^ '' ■ where Z^i G {Z^ Z} 

and Dr^ai = Zo^. 

In particular, 

Z^{ZiY[¥K,K']{^^^) (5-5) 

p+oo 

Jo 


and 


T^Z^{Z^r[NK,K']iz,w) (5.6) 

r~^°° 

= i2TTi)^ / e2vrir(Re(z2)-Re(fi,2))(l _ ^(t))t^ [W^Rr MK)^'^^Kz , w)dT. 

Jo 

Remark 5.5. By defining F = Fo,o and N = No,o, we have S = N -I- F as well as parts (a)-(i) and 
(b)-(i) of Theorem ll.il 

Let $ : —>■ C^, $(11) = H be the biholomorphism constructed in Section [321 associated to 

(T G bll and k > 2. Then Remark 14.11 Lemma 13.31 and the above discussion immediately imply 
that 


Lemma 5.6. If 



¥Y%^ = Z°‘¥k,k'ZI^ , 

= T^z°‘nK,K'ZY 


and 

■n7iQ;,/3,A^ rpN ryOi T[7«bf2 ry(3 

^Q;,/3,N _ rpN ryOL ^bfi 


Then 

[N^5^^](z, w, t) = -a,w-a, r). 

(5.7) 

and 


(5.8) 
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Proof. Lemma [5.21 implies that Nk,k' is bounded on L^(bri), and so Lemma 13.31 and standard 
Schwartz kernel arguments imply (EZl). 

For d > 0 we define the operators via 

^+oo 

Then Lemma 15.21 implies that is bounded on (bfi) for d > 0 and therefore 


WK.K']iz,W,T) 


XiT)[R^SAK)^']iz,W,T) 

0 


if r > d, 
otherwise. 


By arguing as for (E3 and then taking d —^ 0, we obtain (15.81) . 


□ 


6 Kernel Estimates 

We now come to the heart of the argument. Throughout this section we work with a UFT domain 
Q = {z G : Im( 22 ) > P{z)}, where P = for some cr G bf2 and k > 2. 

6.1 Past Work and Translation 

In this subsection we recall the results of Christ [S] on the weighted d equation on C. As briefly 
mentioned in Section [SJ for subharmonic P : C —)■ R such that dTrrAPdm is a doubling measure, 
we define the (closed, densely defined) operators Dr = 9 + 27rrPz and Dr = —d + 2TrTPz on L^(C). 
When T = 1, [5] Christ carefully studies the operators 

G = (^DrDr^ I^r “ Dr O {DrDr^ 

R* = {DrDr)~^ oDr, S = / - O {DrDr)~^Dr 

in terms of a metric Pr{z, w) on C given essentially as = ar{z)~^ds'^, where ds^ is the standard 
Euclidean metric on C and <Jr{z) is a smooth function satisfying 

/ 47rrAP(p)dm(p) « 1, 

J\r)—z\<aT{z) 

uniformly in .2 € C. Because the constants here can be taken to universal, we can extend ar{z) to 
T G (0, +oo). 

The metric pr{z,w) and function ar(z) satisfy the following estimates. 

Lemma 6.1 ([5]). If z, w G C satisfy \z — w\ > ar{w), then 

Priz,w) >c 0^ , (6.1) 

V (Jt[w) / 

where C,5 > Q depend only on the doubling constant 2^ of AnrAPdiTi. 

Moreover, one can find C, M > 0 also depending only on 2^ such that 
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The main theorem of that work provides the following estimates on the Schwartz kernels G,-, M,-, 
and Sr, respectively. 

Theorem 6.2 ([5]). There exist constants C,e > 0, depending only on the doubling constant of 
AnrAPdim, such that 


f loo: ( 

|[G,](z,u;)|<C<^ 

1 g ^Pt 

\z-w\< <Tr{w), 
z - w > ariw), 

(6.3) 

, r , . , , \ \Z — W\~^ , 

|2 - wl < ariw), 

, \z-w\> ariw), 

(6.4) 


|[Sr](2,tc)| < 


(6.5) 


Remark 6.3. Because [Mr](z,'u;) = []Rr](w,z), [M*] satisfies the same estimates as does [Kr]- 

Remark 6.4. For some large fixed M, at the expense of perhaps a larger C = C{M), we may 
replace the estimates for [Gr](.z,w) by 


|[Gr](z,HI<C 



\z — w\ < Mar{w), 
|z — ruj > Mar{w), 


( 6 . 6 ) 


and similarly for |[IRr](^, w)! and |[IR*](z, r(;)|. 

In order to utilize Christ’s results in our setting, we first make two crucial observations. First, 
note that the value of r does not affect whether or not dTrrPdm is a doubling measure, nor its 
doubling constant. In particular, 

Proposition 6.5. The estimates in (16.11) . (16.21) . and Theorem 16.21 only depend on the constants in 
(HI)-(H3), and not on r. 

Second, we must understand the quantities crr{z) and Pt{z,w) appearing in Christ’s estimates 
in terms of the geometric quantities studied in Section |4l 

Proposition 6.6. Let w S hLl. Then for some C^C,C",v,5 > 0 which depend only on the 
constants in (HI) and (H2), 

(a) ar{w) Ki 

(b) Pt{z,w) >c 0^ > C"rTA(u;, |z - w|)^ > for \z - w\ > ariw). 

V (Tr[w) /V /V ar[W) / 

Proof. For (a), we merely apply Lemma 14.21 to the definition of ar(w). 

To prove (b), let S be as in Lemma l6T] and define u = ■^. Choose fc > 0 so that |z—u>| ~ 2^ar{w). 
Then Lemma yields 

~ 2^^rA(tu, crT-(r(;)) < rA(t(;, |z — w|) 

V UTiw) / 

< r2™'=A(ri;,a,(u;)) si 2'"'= si 

V ar[w) J 

Raising each term to the power v and applying (16.11) gives the result. □ 
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Remark 6.7. As before, the above estimates can be taken to be symmetric in z and w, and one 
can interchange the roles of z and w at the expense of perhaps larger constants. 

To simplify the computations in the rest of the paper, it will be convenient to replace Pt{z,w) 
with a (simpler) quasimetric. To this end, define 


Priz,w) = {tA{w, |z - w\) + tA{z, \z - wl))'", 

where z = (z, Z 2 ) G bfl and ly is as in Proposition 16.61 Then Proposition 16.61 and the results in 
Section |4] immediately imply that 

Proposition 6.8. Uniformly in z,w,ri £ C and t £ (0,+oo), 
fij priz, w) Ki {tA{w, \z - w\)y ^ (rA(z, |z - w\))'', 

(ii) Pt{z,w) < Pt{z,w) when \z — w\> ariw), 

(Hi) Priz, w) = Priw, z), 

(iv) Priz,w) < Priz,p) + Priv,w), 

(v) If \z - w\ ^ \z - p\, then Priz,w) ^ Priz,p)- 

— 7 —r ^ Prizjw)^ when \z — w\> ariw), for some N > 0. 
ariw) 

Remark 6.9. The formulas from Theorem 16.21 can be recast in the following slightly weaker form. 
Defining 


KrAz,w) = l, if.,l(z,u;) = (1 + ^^-^), KrAz,w) = (l + log( ^J^^^ )), 

and taking priz,w) as above, there is a constant C > 0 so that 

|[G^](z,'U;)| < C(Jriw)~'^^'^KrAz,wy~'''’"^''’'^\ 


|[R.](z,u;)| + |[K:](z,u;)| < Cariw)-^+^Kr,iiz,w)e-^P-^^'^\ 

and 

These estimates are symmetric in z and w, perhaps at the cost of slightly enlarging C. 

In light of equations (15.51) and (15.6p , in order to prove Theorem 11.11 it is sufficient to obtain 
precise size estimates for W^]iz,w). 

Remark 6.10. To take advantage of the oscillatory term in the integrals (15.51) and (15.61) . we will 
also need to make sense of, and prove size estimates for, the Schwartz kernels of operators of the 
form 

af (6.7) 
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Note that by the arguments used to prove Lemma 13.31 the operators associated to and d^ 
associated to are related by dr = odrO = dr + 27riTK(z, cr), and therefore 

it is natural (see [34]) to replace dr with the ‘twisted’ derivative 

odrO =g^_ 2TTiT^{z, a) 

when studying the kernel [F^^,](z, ru, r) described in Lemma [5.61 The substitution described in 
Lemma [5.61 has the effect of ‘un-twisting’ the operator 

and therefore the r-derivatives considered in (IQ) . which will be computed after applying Lemma 
15.61 are not twisted in this sense. 

The size estimates that we obtain for the operators (IQ) are most easily expressed as follows: 
For k G Z and wq G C, and an operator Hi- on C, we say that H,- = Op)f“(/c) if, for </> supported 
injrcGC : jw — uio|< crr(tco)}, Hi-[(()](z) is given by integrating (j) against a locally integrable 
Schwartz kernel [Hi-j which satisfies 

|[Hi-]( 2 :, w)| < e“ zGC, |rc — wqI < cri-(wo) (6.8) 


for some e > 0. 

If / C (0, +oo) and H/ := {Hi-}^gj is a one-parameter family of operators on C, then say that 
H/ G Op“°(fc) if Hi- G Opr°(k) uniformly for t G I. 

Remark 6.11. As is customary, we will often use the notation Op“‘’(fc) to refer to an arbitrary 
sum of operators in Op“‘’(fc). 

Remark 6.12. The operators Op)"° are similar in spirit to the one-parameter families of Raich 
|34] . which were designed for the situation when P is a subharmonic, non-harmonic polynomial. 
Our families are, in a sense, an adaptation of his to the non-polynomial setting, although we have 
no need for the type of cancellation conditions he imposes on his operators of order < 0 because 
our operators all have locally integrable Schwartz kernels. 

One simple but crucial observation is the relationship between Op“° (k) and Op“° {£) for various 
intervals I. 

Proposition 6.13. For fixed 0 < 0 < -l-oo, 

Op^o“e](fc)cOp“«e](t) fork<£, 

and 

Opre,+oo)(fc)cOpr0Voo)W fork>£. 

Proof. This follows immediately from the observation that fJr{vj) < 1 for r > 0, and (Jr{w) > 1 for 
r < 0. □ 

Our main result of this section is as follows. 

Theorem 6.14. Let a and fi he multi-indices, and fix 0 < Q < -|-oo. If M,K,K' > 0, then the 
following hold. 
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(a) £ Op^o. 0 ](^ + “ min(|a|, 2) - min(|/3|, 2)), ifP = P^^^, 

(b) T^df{W^R?Sr{K)^'W0) G Opfe.+oo)(^ + K'- |a| - \P\), 

p — pCT,max(m,|Q;|,|/3|) 

In each case, the constants in the estimates depend on Q, (HI), (H2), (H3), M, m, \a\, and \ j5\, 
but are independent of t. 

The proof of Theorem 16.141 is accomplished in several stages. We begin with a definition. Say 
that an operator is Ot(T, M, N) (and write H,- = Ot(T, M, N)) if either 

(a) HIt- is a composition oiA + B + C + D + M operators, with A > 1 and B + 2C — D = L, 
where the factors consist of 

(i) A copies of , 

(ii) B operators from {R,-,R*}, 

(hi) C copies of Gi-, 

(iv) D multiplication operators of the form rVP 

(v) M multiplication operators of the form with > 0 and 

l<i<M 

or 

(b) H,- is a linear combination of operators described by (a). 

In Section 15^ we rewrite expressions of the form W“R^§,-(R*)'^ as a sum of operators 
in the classes Or{L, M, N). We then show in Section [6.31 that for = Oi-(L, M,iV) and for cj) 
supported in {|r(;| < tTT-(O)}, the operator </> i—>■ IHIt-[(/)](z) is given by integration against a Schwartz 
kernel which is in Op){k) for appropriate I and k, depending on our choice of k. The arguments 
in Section 1131 show that the Schwartz kernels of Gi-, Rt, R*; Si- are differentiable in r, and 
explicitly compute formulas for their derivatives. This gives us a natural definition of 9i-]HIi- for 
any Hi- in the class Or{L, M, N); see Corollary 16.251 for the details. These results are combined in 
Section 16751 to prove Theorem 16.141 

6.2 Alternate Expression for 

Our goal in this section is to prove the following lemma, which allows us to write operators such as 
W“R:(i^Si-(R*)^ in a form which does not involve any explicit differentiation. 

Lemma 6.15. Let K, K',\a\,\P\ > 0. Then 

W“RfS^(R;)^'w.f 

\a\-e\p\-i' 

= ^ OAif-|a| + 2f + £,f,£)OAi^'-|/?|+2*' + /,f',/) (6.9) 

£ £' 2 — 0 2^—0 
\a\-l\fi\-L 

= '^^ri.KpK'-\a\-\^\p2iP2i: plpl’,ipi!,lpl’), ( 6 . 10 ) 

£ £' 2 = 0 2'=0 
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where the outer two sums are over 0 < £ < max(|a| — 2,0) and 
0 < £' < max(|,8| — 2,0). 

Remark 6.16. Note that (16.91) implies that, when writing W"“]R^St-(K*)'^ as a linear com¬ 
bination of operators which are Or{L, M, N), we may assume that each term satisfies 

ki < max(|a|, |/3|). We will see later how this leads us to use in part (b) of Theo¬ 

rem 1041 

We begin with a few algebraic computations. 

Proposition 6.17. Let I denote the identity operator. Then 

(a) Dt^j- = Mt, = —M*(47rTP2,z)^r T 1^* 

(b) (G-t-Pt- = M*, Gr^Dr — —^^r(47rTP2^£)]RT- -)-M.,-. 

(c) Dt'R.t = I = [Pt-,]Rt-] = RT-(47rrP2^2)]RT-, 




DrM.* =I-St- =Kt-P^. 



Proof. We will only prove the formula for DrGr, as the other formulas either use the same techniques 
or follow immediately from the formulas in (j5.2D . 

We compute as follows: 



□ 


As an immediate application of the above formulas, we have 
Corollary 6.18. Let Wr denote either Dt or Dr- Then 



and 



We now prove Lemma 16.151 


Proof of Lemma \6.15[ By writing 



and observing that 

Or{L, M, N)Or{L', M', N') = 0^(L -f L', M + M',N + N’), 
we are done when we prove (16.9|) for |/3| = AT' = 0. 
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We prove the cases where |a| < 2 directly, and then handle the higher-order cases by induction. 
When |a| = 1, Proposition 16 .1 71 implies that 




C-1 


iiK> 1, 


K 


^0 ifK = 0, 

There are four possibilities when |q;| = 2: 


and DrR^Sr = 

j=o 


- - K \ Rf if K > 2, 

^ 10 ifi4:<i, 




0 

K-1 


if = 0, 


Y Ri+^(47rTP^,j)IRf-^-^§^ if > 1, 


3=0 


K 


DrDr^^^^r = ^ (4^TP,,2)Rf Sr, 

3=0 
K 3 

i.rMfSr=EE <+l(4^TP,,2)Ri+l-^(4^TP,,,-)Rf-^Sr 

j^o e^o 

K K 

+ Y Ri§r (4^TP,,,)Rf-^Sr - ^ Ri(47rrP,,,)Rf-^Sr 

j^O 

K-1 

+ Y Ki+^(47rrP,,,)Kf-i-^Sr 

3=0 

K K-j 

+EE Mi+l (4^TP,,2)Rt+l (4^TP,,2)Rf-^-^Sr, 

j=o e=o 

where in the case DrDrM.^Sr we needed to use, in addition to Proposition 16. 171 the computation 

[PrjdTrrP^^j] = -47rTP^_2,^ = -[5^, dTrrP^^^]. 

Because Rf^Sr = OriK, 0,0), we see that for |a| < 2, 

l“l 


Sr = Y “ l“l + 2b b 0) 


i=0 


as desired. 

We turn now to the proof of equation (16.91) . which we have shown holds for |a| = 0,1, 2. If we 
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know that (16.91) holds for some a with |a| > 2, then by Corollary 16 .1 81 we have 


|q!| —2 |q(|—^ 

WrW^R^Sr =Wr ^ ^Or{K-\a\+2i + £,i,£) 

i^o 

|a|—2 |a|— 

= E E [OriK-i\a\ + l) + 2t + £,t,£) 

+ — (|q;| + 1) + 2i + (£+ !),?,£ + 1) 

+ 0-7-— (|o:| + 1) + 2(2 + 1) + 1,^) 

(|a| + l)-2(|a| + l)-^ 

= E E Or{K-{\a\ + l) + 2i + £,i,£). 

e=0 i=0 

This completes the proof of Lemma 16.151 □ 

Remark 6.19. The inclusion of the multiplication operators rVP in the definition of Or(L, M, N) 
might currently seem superfluous because these terms have not yet appeared in the above proof 
(indeed, only higher-order derivatives of P appeared). These operators will show up when we 
differentiate operators in Or{L, M, N) with respect to t. 

Remark 6.20. If we are working with the Heisenberg group (i.e. if P{z) = \z\^), then the above 
results simplify substantially. This is due to the fact that = 0 and Pz,z = 1, and therefore 

l«l + l/3| 

^ OriK + K'-\a\-\l3\+2j,j,0). 
j=o 

The arguments used to prove Theorem 16.141 in Section 16.51 then yield 

e Op^o.+oo)(^ + K'- |a| - |/3|), 

which is a much stronger result for r < 1 than that of Theorem 16.141 for general P. 

6.3 Estimates for Ot-(L, M, A^) 

Our next goal is the following lemma. 

Lemma 6.21. LeiMj- G Ot{L, M, N), and restrictUr to test functions supported in {|r(;| < crr(O)}. 
As before, fix 0 < Q < -too. 

If P = then 

®I(o.e] G Op(Q 0 ](Z/— 2 M). ( 6 . 11 ) 

If P = for K > max(m, |a|, |/3|), then 

H[e,+oo) e Opf>e,+oo)(i - 2M - TV). (6.12) 

As a preliminary step, we give additional pointwise bounds for the derivatives of P '^’2 pa-.K 
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Lemma 6.22. Let Iwj < cr^(O) and rj G C, and fix e>e'>0, K>m, and 1 < k < k. Then for 
T < Q we have 

while for t > Q we have 

where constants involved depend only on e, e', 0, and (H1)-(H3). 

Proof. When r < 0, note that arfiffir m 1 uniformly in p. Thus if \p\ < crr{p) ~ cr^(w), then 
Proposition 11.61 gives 

On the other hand, if |? 7 | > crr{p) then we apply part (b) of Proposition 16.61 to obtain 

< ariw)~’^'’^^'"’'^\prip,w) + Priw,0))^ 


from which (j6.13l) follows. 
When T > 0, we write 


P--«(r;) = ^ 


2<Q:+/3<K, 

a,/3>l 


f)a+P-2r 

+omc-Avr'). 


Computing V^P‘^’'‘(? 7 ) and estimating yields 


|V'=P-.«(^)| < ^ 


max(2,/c)<CK+/3<^t 

a,/3>l 


f)a+P-2u 

(0) hr+^-'= + ii/.iic^-.hr-'=+i. 


dz°‘dzf> 


If 1^1 ^ o-r(O), then because ar{w) ~ crT(O) ^ 1 we apply Remark [4. 121 to get 
|^V'=p-'«(ry)| < Ta.(0)-'=A(0,a,(0)) = a.(O)-'' a.H-^ 

Similarly, for \p\ :s> crr(O) we apply part (b) of Proposition 16.61 to see that 


\N 


|rV'=P--'=(,?)| <ra.(0)-'=(i)" <<Jr{w)-'^pAv,wy 
which yields (j6.14l) . 

Our first lemma shows how operators behave under composition. 

Lemma 6.23. For e > 0 there exists e' > 0 such that for 0 < i,j < 2, 

Jc 

(Tr{wyKrp{z,w)e~'^^^^^’'^'> if i = j = I, 


< 




otherwise. 


(6.15) 


□ 
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Proof. Will prove the case i = j = 1, as it is almost identical to the other cases and exhibits all of 
the relevant techniques. Throughout the proof, e denotes an arbitrary small positive number which 
may shrink from line to line. 

We want to estimate the integral 


Jc 

To do this, we consider two cases: 

Case 1: |z — wl < 2max((TT-(z),CT i-(ic)), 

Case 2: |z — w] > 2max((TT-(z),cri-(rc)). 

For Case 1, break the integral I into 

1= f + f =:/i+/2. 

\z — ri\<M(7T{w) J \z—r}\'>M(TT{w) 


Here, M is chosen large but depends only on the doubling constant of h{r])dm{ri). Throughout this 
case we will use the fact that pr{z,w) < 1 and <7t{z.) ~ Ut{w). 

For /i, we may assume that \z — w\ > 0. Choosing M so large that \z — w\ < and 


20 


setting a = 


Mar{w) 


, we have 


III I < 


< 


z — ri\ — w\ ^(Jr{w)dm{'q) 

r{wf ( |?7|"^|?7 + l|"^dm(?7) 

J \ fi\<a~^ 


\z—r}\<McrT{w) 

r 

|i7l<o 


= ar{w)‘^( f \fi\ ^|?7 + l| ^dm{fi)+ f 
\J\v\<3 Js 

<<Jriwy(l + [ \fj\~'^dm{rj)\ 

V J3<\fj\<a-^ J 


3<|»)|<a-i 


|? 7 | ^ fj + 1 dm{fi) 


ar{w)'^ \n{a 

' Mar{w) 


= Or 


(w)"^ In 


z — w 


where in the second step we made the change of variable (z — w)f} = rj — z. 
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For J 2 , we make the change of variable z — rj = (Jr{w)T) and note that jry — z| ~ |?7 — w| to get 


I/ 2 I < [ 

J\l 


\z — r}\'>M<7-r (lu) 




< 

CTriwf 




/|r)|>M 

< 

O'r(w)^ 

f dm{fi) 




< 




where we used Proposition 16.81 in the first two lines. This completes the proof of Case 1. 
For Case 2, we need to break X into five pieces: 


T = 


/ "/ "/ 

^ 1 ? 7 |<( 7 t ( 2 ) J\w — r]\<GT{w) Ja 




r (tu ) < I tu — J7 I < 

=: h + I 2 + I 3 + h + h- 


min(| 2 —? 7 | ^71 )> - 


For Ji we note that because \w — r]\ fv \w — z\, part (v) of Proposition 16.81 implies that 

|/i| < f |z - 

J \z — ri\<a-r{z) 


< 


ar{w) 


’ \z-ri\<tT.r(z) 




In the second line we used (16.21) and dUD. h is estimated in the same way. 
For J 3 , again applying Proposition 16.81 and Proposition 16.61 


1 / 3 1 


< / 

JaAz)<\z-v\<^^ 




-W" [ 

Jl< 


'1<|77| 


e dm(fj) 


Of course, li is almost identical. Because involves nothing more than changing variables and 
using the fact that \'q — z\ ~ \'q — w\ > \w — z\, the proof of the case i = j = 1 is complete. □ 

Proof of Lemma \6.21[ It is enough to prove the theorem when Ht falls under part (a) of the defi¬ 
nition of Ot{L, M, N). 

We prove (|6.12l) : the proof of (I6.11|) is exactly the same, but with all of the h replaced with 
min(fci, 2 ). 
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Write W-T = where each is either R.t-, R*, Gt, or niultiplication by tV^'P 

i—1 

(with ki > 1), and define 

{ -k if = rV'^P, 

0 ifH,,, =§,, 

1 if =R^,R*, 

2 ifH^,i = G^. 

Let 1 < zi < Z 2 < • • • < ie < / be the indices for which Mr^i- G Rt,R*, G,-}, and set iq = 0. 
Define 

Il{zi,w), I 2 {Z 2 ,W),..., Ig-i{zg-i,w), Ie{z,w) 

by setting 

Mz,,w) = \[MrM]izi,w)\ n 

0<i<ii 

I2{z2,w) = [ |[]HI^,i2](z2,2i)| \TV’^'P{w)\Ii{zi,w)dm{zi) 


Ig{z,w)= j \\Br,ie\{z,Zg-i)\ \tV^'P{ w)\Ii{zg_i,w)dm{zg_i). 

By the Fubini-Tonelli Theorem, 

|p.](z,rc)| < ( n \TV^^P{w)\)Xg{z,w), ( 6 . 16 ) 

io <i<l 

and therefore our first task is to bound the right-hand-side of fl6.16p by induction. 

By the definition of Or{L, M, N), There are four mutually exclusive cases to consider: 

Case 1: = St, 

Case 2: = St and IHlT,ii ^ St, 

Case 3: 0 > 3 and HT.i^,IHlT,i 2 € {Mt,Rt}i 

Case 4: d > 3 and either ]HlT,ii = Gt or IHlT,i 2 = 

The proofs of the various cases are almost identical, differing only in the details of applying Lemma 
16.231 to establish the inductive base step. We provide the details for Case 3. Throughout the 
argument, e > 0 is a small number which might shrink from line to line. 

Assume that 0 < r < +oo, 0 > 3, and that d{ii) = d{i 2 ) = 1. By Remark 16.91 and Lemma [6.221 
we have 

where Kt^i{zi,w) is as in Remark l6.9l Applying Remark l6.91 Lemma l6.11 Proposition 16.61 Lemma 
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16.221 and Lemma 15 . 231 gives 


T2{z2,w) 

< CT^(n;)-^+^o<.<i,dW f e-^^P-<~^^’^^'>+P-^^^’^^'>KrAz2,zi)KrAzi,w)dm{zi) 

Jc 

Repeating this argument for I^{z^,w) yields 


We now apply the same argument inductively to see that 

Ie{z,w) < Krfi{z,w)e-^~P-^^'^\ 

so that by Lemma [6.221 we have 

In other words, as long as k > max(m, |a|, |/3|) we have 

IPr](-2,W;)| < a^(ti;)-2+B+2C-D-2M-iVg-ep.(z,») 

= for r > 0. 

This shows that Hje^+oo) S Op[e,+oo)(-^ ~ 2M — TV). 

In the case where we work with P'^’2 (and where 0 < r < 0), our application of Lemma 
16.221 necessitates that when d{i) = —k < 0 we replace —k with — min(2,fc), yielding IHI(o_0] G 
Op^o,e](-f^-2M). 

This completes the proof of Lemma 16.211 

□ 


6.4 Derivatives in r 

For a one-parameter family of operators F(q _|_oo) and fixed r G (0, -too), define 

Aft(F^) = h-^Fr+h-Pr) 

for all \h\ < T. 

Lemma 6.24. Let Pz and Pz denote multiplication by Pz and Pg, respectively. As operators, we 
have the following formulas: 

(a) A;i(Gt-) = —GT-(27rPz)RT--|_;i — M*(27rP2)Gr+?i, 
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(b) Ah{Rr) = E>r{2nP^)Gr+h - Rr(27rPj)IR^+?j, 


(c) A^(K*) = Gr{2TTP,)Sr+h - M*(2^P, 

(d) AhiSr) = -M‘^T^Pz)K+h - ^ri2TrP,)Sr+h- 

Proof. We first compute (a). Choose a smooth cutoff function x{t) with x(f) = 1 for t < 1 and 
x{t) = 0 for t > 2 . Also, let 77 S satisfy / 77 = 1 , and write r]t{z) = z,t~^w). 

For e > 0 define the regularized kernel 

[Gr]"( 0 , 7 c,r) := 77 , * [x(e| *1 - *2 |)[G^](*i, • 2 )]( 2 , ic), 

and let G' be the operator given by integration against [Gr]*^- We also define 

Wf:=DrG,%, 

One can easily show that, as e —>■ 0, these distributions converge to their respective non-regularized 
operators. 

Notice that 


Au{<G%DM^r+h 

= A/i(G^)i)r+/tF)r+/tG^^^ + G^(27rPj)L).r+7iGf_|_^ + G^l)T-(27rP2)Gf_|_^. 

Sending first e —>■ 0, and then J — 7 > 0, we obtain (a). 

Now that (a) is established, we can use it to prove the other formulas. To this end, note that 

A7i(K.t) = (27rPi:)Gr+/i + DrAfiiGr) 

= (27rPi:)Gr+/t — DTGrr{2TTPz)M.r+h ~ (27rCz)GT+/t 

= Sr{2TTPz)Gr+h “ Mr (27rPj)R.r+/i, 


proving (b). The proofs of (c) and (d) are similar to that of (b). □ 

As an immediate corollary of Lemma Tb. 241 Proposition 15.31 the definition of Or{L, M, N), and 
the product rule, we have 

Corollary 6.25. Por H.,- G {G.^;R*; ^r} we have 

{ -Gr{2TrPz)Rr - M*(27rP^)Gr if Mr = Gr, 

Sri2TrPz)Gr - Mr(27rP2)KT- if Mr = Mr, 

Gr(27rP2)Sr - M*(27rP,)R* if Mr = M*, 

-Sr(27rP,)R* - Mr(27rP2)Sr if Mr = Sr- 

More generally, if Mr = Or{L, M, N), then [IHIr]( 2 :, tc) is differentiable in t > 0 and 9r[ElT](2:, tc) = 
[drMr]{z,'w), where drMr = lim A/i(]HIr). Moreover, r"9"]HIr = G>r{L,M,N) for n > 1. 
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6.5 Proof of Theorem 16.141 

By Lemma [6.151 and Corollarv l6.251 we have 

|a|-^|/3|-d 

= H H OriK + K' -\a\-\P\ + 2i + 2i' + i + e,i + i',i + e), 

i I' i'—O 

where the outer two sums are over 0 < ^ < max(|Q;| — 2,0) and 0 < £' < max(|/3| — 2,0). 

If P = then Lemma [6.211 implies that 

\a\-e\l3\-£' 

(lL“Rf = E E E E OP(o.e](^ + K'- |a| - |^| + ^ + £% 

g g' i=0 i'=0 


which, via Proposition 16.131 can be simplified to 

= Op(o,e](l^ + K' - |a| - |/3| + max(|a| - 2,0) + max(|,5| - 2, 0)) 
= Op(o,e](-f^ + P:'-min(|a|,2) - min(|/3|,2)). 

On the other hand, if P = then Proposition 16.131 yields 

(R*) *^') 

\a\-i\l3\-g' 

= EEE E 0p|'e,+oo)(^+^'-i«i-i/3i+^+n 

g V i=0 i'=0 

= Op{’e,+oo)(^ + i^'-|«|-|/3|). 

This completes the proof of Theorem 16.141 


7 Proof of Theorem 11.11 

Before proving our main theorems, we need several elementary estimation tools. 

Proposition 7.1. Let f : (0, +oo) —>■ [0, +oo) be a positive, decreasing function and fix e > 0. 
(i) If f(2T) < 2“^“'^/(t), then there exists C = C{e) so that 

I f{T)dT < Caf{a), 0 < a < +oo. 

J a 

(a) If f{2T) > 2“^+'^/(r), then there exists C = C{e) so that 

f f{T)dT < Caf{a), 0 < a < +oo. 

Jo 
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Proof. In case (i) we have 


+ 00 + 


/ f(.T)dT = XI / fi'r)d'^ 

J a ^ g J 2^a 

+00 „2a +00 p2a 

= X 2" / /(2"T)dr < X 2-^" / f{r)dT < Caf{a), 

I —n O' i —n 


where the last estimate uses the fact that / is decreasing. 
For (ii), we have 


pa +00 p2a +oo p2a 

/ f{T)dT = X 2"''"^ / /(2"'="V)dT < X / /(T)dT < Caf(a). 

do k=0 da Ja 


□ 


Proposition 7.2. Fix Q, e, i/ > 0, TV > 0, and 0 < a < +oo. Suppose that f : [0, +oo) —>■ [0, +oo) 
is either 

(a) increasing with /(2t) < 2^ /{t), or 

(b) decreasing with /(2r) > 2“^+‘5/(r). 

Then 

p+oo 

/ f{r)t^e-^-^dr < /(I), 

J a 

where the constants depend on Q, e, v, and N, but are independent of f and a. 

Proof Because f {t)t^> 0, we need only prove the case where a = 0. 

Throughout the proof C denotes an arbitrary positive constant depending only on Q, e, u, and 

N. 

If (a) holds, then 


^+oo pi +00 p2 

/ /(T)T^e—/ /(T)dT + X /(2V) 

do do 

+ 00 

^ /(I) + X 




fc=0 
+ 00 


< 


fc =0 


/(I) + 'y ^ 

< Cf{l). 

On the other hand, if (b) holds then 


+ 00 


pi p+oa 

f{T)T^e~^'^''dr < / /('r)dr + /(l) / 

JO Jl 


T^e-^^''dT<Cf{l) 


by part (ii) of Proposition 17.11 


□ 
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Proposition 7.3. Let f,g : [0,+oo) —>■ M with g non-negative and assume that there are eonstants 
Q, M > 0 and N > 0 with 

(a) T^\d'^f{T)\ < MT^g{T) /or 0 < fc < Q + 2, 

and either 

(b)^ g increasing with (?( 2 t ) < 2^g{T) 
or 

(b )2 g decreasing with g{2T) > 2~^^^g[T). 

If X = X iy with a; > 0 and ?/ G R, then there exists C > 0 (depending only on Q and M) such 


that 


r+oo 

L ' 




Proof. Let c = |A| ^A and a = |A| Then 


(7.1) 


r+oo r+oo 

/ e~^^ f{T)dT = a e~^'^ f{aT)dT 

Jo Jo 

= a y e~‘^'^ f{aT)dT + J 


e f{aT)dT 


=-h+h. 


Note that by either a simple size estimate or part (ii) or ProDOsition l7.ll 

|/i| < [ T^g{aT)dT < [ g{aT)dT < Ma^+^g{a) 

Jo Jo 

if either ( 6 )i or ( 6)2 holds. 

For I 2 , we integrate by parts J > Q N times, using the fact that Re(c) > 0 to compute the 
boundary terms at infinity, to obtain 


/ 2 =E' 


1^+1 


=/('=) (a) 


jJ +2 

f-.J +1 




r-\-oo 

k ' 


7 (‘'+')(aT)dr, 


so we obtain 



J 




f + oo 

|/2|< 

E 

a'=+7 

N- 


1 |/(■'+l)(ar)|dr 





J 

1 





/■+00 


< 


+ 

0-^+2 J (or) 

7-'^-7(ar)dr 





/■+00 


< 


+ 

j 

~‘^~^g{aT)dT. 


If {b)i holds, then we can apply part (i) of Proposition 17.II iwith e = J — N — Q) to see that 

1 ^ 2 ! < a^+^g{a). 
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On the other hand, if (6)2 holds then 


/ -hoo 

T^-J-idr < a^+^g{a) 

because g is decreasing. This completes the proof. 


□ 


We are now ready to begin the proof of Theorem 11.1 


Proof of Theorem \l.l\ By Remark l4.1l we may assume that P = P°’^. Throughout the proof we fix 
z,w G bn, multi-indices |a|, \fi\, and N,K,K' > 0, and we let y be as in SectionjSJ We also write 
t = Re(z2) and s = Re(w2)- By Corollary 14. 131 we may choose (Jr{w) = g*{w,T~^), decreasing in 
T, SO that cr*{w) ~ ar{w) (uniformly in w and r), and — 2“2cr*(w). 

To simplify notation we write Hi- = W“R:^Si-(R*)^'We also use the estimate \Bd{z,S)\ ~ 
S‘^A{z, S) without further mention. 

By (l,T5p and (15.6p . we have 

r+oo 

T^Z^{Z^y[¥K,K']iz,w)=C e^^"^^-^^x{r)T^[^r]{z,w)dT, (7.2) 

Jo 


and 


r*+c>o 


T^Z^{Zir[NK,K']{z,w) = C / e^^^^^*-^yi-x{T))r^mr]{z,w)dT, 

Jo 


(7.3) 


where C = (27ri)^. 

If —)> are the biholomorphisms constructed in Section !??^ associated (respectively) 

to P — p — pw,K jpj. ^ „ max(m, |a|, |/3|), then let 


I,,2 = wy^Ry^AAK2)'''^r.2 


and 


denote the operators Hi- corresponding to and respectively. 

By Lemma 15.61 we have 

T^Z^iZ^r[¥pK'](.^,w) 

r+oo 

= C e2’^*^(‘-"-^^(^’“’»x(T)r^[H^,2](^-^y,0)dr (7.4) 

^0 

and 


T^z'i{zir[nK,K']{^.w) 

r+ao 

= C e2"^(*-"-'^»(^’“'»(l-x('r))T^Pr,^c](2-w,0)(ir 

Jo 

Theorem 16.141 implies that, writing 0 = 4>(m), 

S C)pp.-i-oo)(^ + K' - |a| - |/3|) 


(7.5) 


rMgM^ 
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and 


T^d^'kr .2 G Op^o 2 ](-^ + K' - min(|a|,2) - min(|/3|, 2)), 
so that, because pr{z — ic, 0) ~ Priz, w) and fTr(O) = <7t{w), for a small constant e > 0 we have 

laf [h,, 2 ](^-«;,o)| 

< ^-M^^^^^-2+_fS'+/f'-min(|a|,2)-min(|/3|,2)g-ep^(z,tu)^ 0 < T < 2 

and 

jfz-w.oii 

(7.7) 


(7.6) 


< 1 < r < + 00 . 

Estimates for 

We first focus on the estimates for To begin, we fix 0 < ci <C C 2 <C 1 (to be chosen 

later). There are four cases. 


Case (N)i: d{z, w) > C2 and \z — w\> Ci. 

Note that equation (14.41) implies that 

d(z,w) Ri \z — w\ + p{w, \ t — s — T2 [z,w)\) 

-| o/r 7 ~~) 

= \z-w\+p(w, t-s-T^{z,w)- 2 lm(^'^—-^(w){z ) 

k^3 


< |z - w| + p{w, |t - s - T„(z, w)|) 
1 d'^P 


p(w, |2Im(^ -^(«;)(z - «;)'=) |) 


k—3 


<\z-w\+ p{w, |t - s - Tk{z,w)\) + |z 
Ri \z - + p{w,\t - s - Tf,{z,w)\), 


- 7„I'=/2 


(7.8) 


where in the fourth line we used the fact that |V^P| < 1 for A: > 2. The estimate p{w,5) < <52 for 
5 > 1 follows from equation (1431) and Lemma l4. 2 1 

The proof of (|1.2I) in this case requires us to show that the right-hand-side of (17.51) is controlled 
by A{w,d{z,w))~^ for large M, and by (17.81) it suffices to show that we can bound (17.51) by large 
negative powers of |t — s — Tn{z,w)\ and A{w, \z — i(;|) r; I2; — wp. 

For small enough e, z/ > 0, equations (USD and (1731) and Proposition 16.61 give 

/ -I -00 
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which we estimate by noting that, because A(ia,ci) > 1 nniformly in la, 


/ +CXD 

/ +00 

/ +00 


< e 2 


< p-^Hw,\z-w\Y 


where in the last line we were able to apply ProDOsition l7.2l because —^(—2+itr+it''—|a| —1/3|) > —1. 
This gives the fast decay in A(i(j, |z — w|). 

On the other hand, by integrating by parts M time^ and using the support of (1 — x(t)) to 
compute the boundary terms at r = 1, we have 


+ 00 

g2.*r(t-«-T.(..™))(i _ - w, 0)dT 

= \2m{t - s- T^{z,w))\~^^ 

+ 00 

^2.^r(t-s-TYz,n,))QM^^-^ _ [t, ^ _ ^,0))dr 

< |t - s - T^{z,w)\~^ 

+ 00 

/ + 00 

< |t - s - T„(2 ;,'u;)|“^. 

This completes the proof of Case (N)i. 





Case (N)2: d{z,w) > C2 and \z — w\ < Ci. 

In this case we have \z — ^ k — w| -C d{z, w), and therefore we may compute as in (17.81) 

to show that 

d{z,w) fv |t - s - Ti^{z,w)\) 
provided that ci is chosen sufficiently small relative to C2. 

Recall that we have suppressed the term in the integral, and that our estimates are independent of e > 0. 
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Integrating by parts as in Case (N)i, we have 


r+oo 

L ^ 


p 27 rzT(t—s—(2,10)) / 


(l-x('r))T []HI^.k]( 2: - w,0)dr 


= \2'Ki{t - s- T^{z,w))\ 

r-\-oo 

X 


-M 


/ +00 

< |t - s - T„( 2 ;,'u;)|“^ 

/ +00 

/ +00 

/ +00 

^JV-M+i|-2+M'-|a|-|/3||^^ 

< |t - s - Tk(z, ■u;)|“^ Ri k{w, d{w, z))~^ 
provided that M is sufficiently large. This completes the proof of Case (N) 2 . 

Case (N) 3 : d{z, w) < C 2 and \z — w\ > Cid{z, w). 

Note that d{z,w) fv \z — w\ in this case. By applying (17.7|) and making the substitution 
T I— tA{w, \z — w|)“^ we obtain 

r +00 

h ' 


e 

^+00 


< 


/ i-oo 

r +00 

= K{w,\z-w\)-^-^ / 

J A(iw,| 2—it;|) 

+00 


(^rK{u,,\z-w\)-^{w) 2+^f+^' l«l l/3|g ^r'' 


' K{w,\z-w\)-^-^ f 

Ja( 


* 


^ tA{'w^\z—w\) 




/ A{'w ^\z—w\) 

< K{w, \z - 

« K{w, jz - zi;|)-i-^|z - w\-^+K+K'-\o.\-W\ 

« A{w, d{z, w))-^-^d{z, iy)-2+i^+i<"-|a|-|/3| ^ 

where in the fourth line we were able to apply ProDOsition l7.2l because —^{—2 + K + K'— |a| —1/3|) > 
— 1. This completes the proof of Case (N)3. 

Case (N)4: d{z, w) < C 2 and \z — w\ < Cid{z, w). 

By part (b) of Lemma [4^ and the assumption that \z — w\ d{z, w), we have 

d{z,w) « fi{w,\t- s- T^{z,w)\). 
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Write ^(t) = and /(r) = (1 — x(r))r'^[]HI,-_K](z — w,0), and note that /(r) 

and 5 (r) satisfy the hypotheses of Proposition 17.31 where in the case —2 + K + K'—\a\ — \(3\ >0 
we again use Corollary 14.131 and the fact that —^{—2 + K + K'—\a\ — \fi\) > —1. We therefore 
have 


r+oa 


p 27 r 2 r(t —s—T k, {z,w)) / 


(1 - x('r))T Pr,K](2: - W, 0)dT 


<\t - s - Ti^{z,w)\ ^ s - T^,{z,w)\ 

^\t-s- T^z, w)\-^-^giw,\t-s- T^z, ^)|)-2+M'-|«|-|/3| 

« A{w, d{z, w))-^-^d{w, i„)-2+if+i^'-|«|-|/3|^ 

which finishes the proof of 

Estimates for ¥k,k' 

We now establish the estimates (ESI) for ¥x,k'- To begin, fix 0 < Ci <C C 2 <C 1 (to be chosen 
later). Throughout, we use the fact that (Jt{vo) ~ if 0 < r < 2. Then there are three cases. 

Case (F)i: d{z,w) < c^- 

We apply the estimate (Trel) to the right-hand-side of (El, thereby obtaining 

r-l-oo 

/ - rc,0)dT 

io 

f ^^^^'^-2+K+K'-min(\a\,2)-min{\l3\,2)^-ep^(z,w)^^ 

Jo 

f 

Jo 


< 


< 


^JV+l-i(if-|-if'-min(|a|.2)-min(|/3|.2))^^ < X 


provided that K + K' < A + 2N + min(|Q;|, 2) -|- min(|/3|, 2). 

Case (F) 2 : d{z, w) > C 2 and \z — w\ > Cid{z, w). 

We estimate as in Case (F)i, but now use Proposition EH and d{z,w) \z — w|: 

r+oo 

/ e2"^(*-*-^^(^’’"»x(T)T^[]HIr.2](^ - W, 0)dr 

Jo 


< 


f 

Jo 


^N+l-^(K+K'-min{\a\,2)-min{\P\,2)}^-e{TA{w,\z-w\)}‘' 

< A{w, \z — i(;|)“^“2-|-i(A:+i<:'-min(|a|.2)-min(|/3|.2)) 

A{'w ,\z — w\) 


/ 


^JV+l-i(if-|-if'-min(|a|,2)-min(|/3|.2))g-£T''^^ 

< A{w, \z — u;|)-^-2-l-i(^+^s"-min(|a|.2)-min(|/3|.2)) 

« A{W, |Z - W|)-1-^|Z - w\-^+K+K'-min{\o.\.2)-min{\l3\,2) 

Ri A{W, d{z, w j)-^-^d{z, iy)-2+i^+i<"-min(|a|.2)-mi„(|/3|.2)^ 
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where in the third line we needed K + K' < min(|a|, 2) + min(|/3|, 2) + 4, and in penultimate line 
we used that A{w, 6) « <5^ for <5 > 1. 

Case (F) 3 : d{z, w) > C 2 and \z — w\ < cid{z, w). 

Note that if /(r) = — w, 0) and 

— ^*^^^-2+A:+_ff'-min(|a|.2)-min(|/3|,2)^ 

then (as in Case (N) 4 ) / and g satisfy the hypotheses of Proposition [731 (here we again use the fact 
that K + K’ < min(|a|, 2) + min(|/3|, 2) + 4). Moreover, by taking ci sufficiently small relative to 
C 2 , applying Lemma l44l and arguing as in Case (N)i we can guarantee that 

d{z,w) Ri |t - s - Ti^{z,w)\) R! g.{w,\t - s - T 2 {z,w)\). 

Together these observations yield 

r+oo 

/ - w,Q)dT 

Jq 

< |t - s - T 2 {z, w)\~^~’^g{\t - s- T 2 {z, w)r^) 

R |t - S - T 2 {z, w)\-^-^niw, \t-s- T 2 {z, y;)|)-2+^+^'-min(|a|,2)-mi„(|/3|,2) 

R A{W, d{z, w))-^-^d{z, iy)-2+i^+^'-min(|a|.2)-min(|/3|,2)^ 

which completes the proof of (IQI) . □ 

8 Proof of Theorem 11.41 

We now turn to the proof of Theorem lEl a). We first show that W“F is bounded on L^(bil) for 
I a I > 1 . Note first that, by Theorem ll.il 

[W“F]( 2 , •),[W“F](•,«;) e L\hn)nL°°{hn) 

as long as |a| > 1. Therefore, Minkowski’s inequality for integrals implies that 

\\W^m\\LPii.n) < Ca||/|lL.(ba), |a| > 1- (8.1) 

The proof that F is bounded on LP(bn) is the same as that which shows that W“N is bounded on 
NL^{hid) for |a| > 0, so we now focus only on this latter case. Choosing K = 0 and K' = |a|. 
Theorem 11.11 implies that there exists 7 ' with jy'l = |a| such that W“N = > where 

|a| satisfies all of the same estimates as does N. Thus, it suffices to show that the estimates 
imply that N = No,o is bounded on LP{hfl) for 1 < p < + 00 . 

We will apply the general T(l)-theorem of [7]. First we show that N is restrictedly bounded, in 
the sense that 

l|N[</>,^]||L=(ba)<|i?d(C, 2 -^) 1 ^ ( 8 . 2 ) 

for any function such that 
(a) supp (jjj C Sd(C, 2 - 2 ), 
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(b) ||( 2 -W)“</)^^|loo < 1 for any 0 < |a| < 2 . 

Such a function tpj is called a normalized hump function adapted to Bd{Q,2~l). The existence of 
such functions for arbitrary ^ and 2~^ is guaranteed by Lemma 14.51 

To do this, fix C > 1 and writing dm^ := dm(z,Ke{z 2 )) throughout this section for brevity, we 
have 

l|N[</>,^]||i.(bn) = [ mcj^j]{zrdm. 

Jd{zX)>C2-i 

+ [ \N[(l>^]{z)\'^dmz 

J d{z.C)<C2-i 

=:/i+/ 2 . 


For Ji, we note that d{z, w) ^ d{z, C) when d{w, C) < 2 ^ < C2 ^ < d{z, C) to obtain 


ihi< f (/ 

J d{z,C)>C2-i 


1 


< 


< 


L 


d(zX)>C2-i WBd(C.2-J) \Bd{z,d{z,w))\ 

\Bd{c,2-^r 


dm,,, 1 dm. 


dizX)>C2-i \Bdiz,d{z,CW 


dm. 


+00 „ 

\Bd{C,2-nfY. / 

1 _ 1 d 


^Jd{zX)<C2>‘-i \Bd{z,d{z,CW 


dm. 


k 
+00 


\Bd{C,2-n\^Y.' 


1 


\Bd{C,2>^-^)\ 

-\-oo 

<\Bd{c,2-n\^Y.' 




k^l 


\Bd{C,2-^)\ 


< \Bd{C,2-^)\, 


as desired. 

For I 2 , write No,o = Nq.i^ and observe that 


|/ 2 |< [ 

J d(zX)<C2-i 


d{z, w)2^ 
BaX, 2 -i) \Bd{z,d(z,w))\ 



2 

dmz 


r ° c 

^2^^ . ( E / 

Jd(zX)<C2 3 ^ d(z,w)KlC2>‘-^ 

<2^^ [ ( V 2'=-^Ydm. 

id(-.C)<C2-.' 2 


2k-j 

\Bdiz,2k-i)\ 



2 

drriz 


\Bd{C2-n\, 


proving (IQ) . As N* is assumed to satisfy the same estimates as N, N* is also restrictedly bounded. 

It remains to show that N[1],N*[1] S BMOfhVl). As above, it suffices to show the result for 
N[l]. Fix Zq G bn, (5 > 0, and let a{z) be an H^{hQ) atom associated to Bd{zo,S). That is. 
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(a) fa = 0, 

(b) supp a C Bd(zo,S), 

(c) |a| < lBd(zo,S)l-\ 

Let X be smooth with x(i) = 1 for t < 1 and x(i) = 0 for xW > 2, and write = 

X(d*(z,w)2--’). 

The arguments in Chapter 7 of m imply that N(ry°) is uniformly in BMO(hfl) for all j. There¬ 
fore, to prove that N[l] G BMO{hft) it suffices to show that there exists D < -|-oo (independent of 
a) so that 

lim \ < D. 

j^+oa 

To start, choose k such that Cd <2^ < 2C6, (for some fixed large C) and write 

= f {l-Tj^°)N*[a]7j°dm+ [ Tj^°N*[a]7j°dm 

J bf2 J bn 

= -Il+l2. 


For Ji, we use the fact that / a = 0 to write 

l^il= [ {(i-C(^)H°(^) 

Jhn '• 


f [N*](2;, la) — [N*](2;, 2;o) a{w)dm,i]\dm:^ 

JBj,{zo,S} f 


(8.3) 


Now let 7 : [0,1] —>■ bfl be a piecewise smooth path with 7(r) S Bd{zQ,S) for all r, with 
7(0) = zo, 7(1) = w, and 


7'(r) = a{r)SX{x{r)) + P{r)SY(xir)) a.e., 
where a, (3 : [0,1] —>■ [0,1] are piecewise constant and |||ap -I- |/3p||oo < 1- Then 

[W]{z,w) - [N*](^,^o) = £ |;[N*(^,7(r))]dr 

= J |a(r)5Xi„[N*](2:,7(r))-|-/3(r)5F^[N*](2:,7(r))|dr, 

so that the derivative estimates in (O imply that 

Because (1 — r]^°{z)) is supported where d*{z, Zq) > 2^ > CS, and x{r) G Bd{zo, S), we have 

diz,x{r)) ft! d{z,Zo). 
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Combining this observation with (18.31) and (18.41) yields 


~ ■'id' “ 


+00 

M^l 
+00 

< d ^ 2-^6-^ 

M=1 

< 1 . 


d{z,Zo)- 


d(2.zo)~2"5 \Bdiz,d{z,Zo))\ 


dm. 


For I 2 , write N = No,i.^ and take j so large that 77 ° = 1 on the support of 77 ^°. We then integrate 
by parts to obtain 


I/ 2 I = / Z(77^“(2))Ni,o[a](2;)d?n, 


bn 


< 1 . 


/ / 

J Bd(zn .C5) J B. 


d{z, w) 


7 dm,,,dm. 


Ib,i{zo,CS) JBi{zo,C5) \Bd{z,d{z,w))\ ■ \Bd{zQ,5)\ 

Hence N[l] (and N*[l]) are in BMO{hn), so that N : L^’(bH) —>■ L^’(br2), as desired. 


We now begin our proof of part (b) of Theorem ll.41 By the interpolation arguments in [28], to 
prove that § : Ta{E) — 7 > rQ,(bH) for all 0 < a < + 00 , it suffices to prove the result for non-integer 
a. Also, we may assume that do ^ 1- By the same observations as in part (a), it suffices to prove 
the result for operators which satisfy the same estimates as N, and to restrict our attention to 
0 < a < 1. 

Choose a bump function 77 supported in Bd{zo,5So), with 77 = 1 on Bd{zo,4:So) and |W^? 7 | < 
|/3| < 2. Let 0 < a < 1 and / G ra(£’), and let T denote an operator satisfying the same 
estimates as N. For 2 ; G bH, define 


F{z) := T[f - f{z)r,]{z) + /(^)T[ 77 ]( 2 :). 


We will show that ||A||r„ < C{1 + dp )||/|lrc- 
First suppose that d{z,Zo) < 2do. Then 

|/(2;)T[77](2;)| = |/(2;)||To.i[Z?7](2:)| 


< 

< 

< 


-/ 

J d( 


d{z, w) 


° 'd{-w,zo)<5So \Bd{w,d{z,w))\ 

d{z, w 


dm,. 


loodp 


L 


d{n,,z)<7So \Bdiw,d{z,w))\ 


dm,. 
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Moreover, 


\T[f-fiz)r,]iz)\< [ 
J d 


< 


\f{w)-fiz)\ 

d{w,z)<7SQ d(^Z^ 

d{z, W 


dm,. 


L 


d{-w,z)<7So \Bd{z,d{z,w))\ 


dm,. 




Therefore \F{z)\ < (l + ^o)ll/llr„ when (i( 2 , 2 : 0 ) < 26o. On the other hand, if 2 : ^ Bd(zo,2So), then 
f{z) = 0 and the estimate of ||-F||oo reduces to 


\F{z)\ = \T[f]iz)\ 


< 


■L 


\Bd{z,d{z,w))\ ^dm„ 

d{w,zo)<So 

\Bd{zo,6o)\ 


\Bdizo,d{z,Zo))\ 


which proves that ||F|loo < (1 + <^0 )ll/llr<,- 

Now, fix z,C and write d{z,C) = S. Let ^ be a bump function supported in Bd{z,3S) with 
(/) = 1 on Bd{z,2S) and for |/3| < 2. 

If 5 > 1, then 


\F{z) - F{C)\ < 2||i^|U < (1 + <5o“)||/||r„ < (1 + 5o“)<^“ll/llr„. 


If i5 < 1, then we have 


F{z) - F{C) = {f{z) - f{Cmrj]{z) + f{C)m*[Zrj]{z) - ™*[Z77](C)] 

+ {fiz)-fiCmr,{l-Mz) 

+ [ [[T](z,m)-[T](C,u;)] 

Jhn 

X ifiw) - f{C))v{w){l - (j){w))dm,n 
+ T[{f - f{zM{z) -T[{f - fiCMiO 

='■ Ii F I2 F I3 + li + I5 + Iq- 


Estimating as above (and using T = Top o Z in I 3 ), we have 


|/i| + I/ 3 I + I/ 4 I + 141 + 141 < <5“||/||r„, 141 < ^ll/lloo < ^“||/||r„. 


This concludes the proof of Theorem 11.41 


9 Proof of Corollary 11.2 

In this section, we prove Corollary 11.21 Because the estimates follow immediately from Theorem 
o it suffices to prove the sharpness claim. We will do this by inspecting a single example. 

Consider the tube domain V, = {z G C'^ : Im(z 2 ) > &(R-e(z))}, where 6 : R —>■ [0,+oo) is a 
convex function with 
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• b{0) = b'{0) = 0, 


• b"{x) = e®"" in a neighborhood of a; = n, for all n G Z, and 

• b"(x) ~ 1 , uniformly in a: G R. 

Fix z,w G bn, and recall from Section o that we have 




+00 p ^ir[z2+i€.—W2)-\-r]{z+w) 


g 2 M-rb(e)]^ 5 , 


drjdT. 


(9.1) 


Using the formulas .Z[S'^] = 0, 


[Z,Z] = -&"(Re(z))(a,,+a,-,), 


and 


for fc > 1 we have 


[Z,b^^\Re{z)){d:,^ + = -b^^+^HRe{z)){d:,^ +0^^), 


Z^Z[^^]{z,w) = -Z'^-^\b"{Re{z)){d,,+d,,W]{z,w) 
= ^b‘'’^+^\Re{z)){d^^ +92j[S'^](z,u;) 


2k+‘2j^2 


6 ('=+i)(Re(z)) f 

Jo 


+00 p ■ ir{z 2 -\-ie-W 2 )-\-r]{z-\-w) 


j 

aR 


,2[r)e-Tb{S)]^Q 


-drjdT, 


so that 


^ + oo n 

2^+'^TT'^Z^Z[E>%z,w)=b'''^+^\Re{z)) / / 

Jo Jr 


+00 p ^^iT{z2+ie—W2)-\-r}{z+w) 


I 

Jr 


^2[r,0-Tb{0)]^Q 


drjdT. (9.2) 


For n G Z we let z„ = (n + iO, 0 + ib{n)), so that 

f*+oo 


-47r"Z'=Z[§^](z„,z_„)= [ re 

Jo 


—T(b(n)+b{—n)+e) 


^2[r)0-T: 


-1 


drjdT. (9.3) 


We begin our analysis of (19.31) with a basic fact about convex functions. 


Proposition 9.1. Let (?!) : R —> R be convex, and suppose that 4>{0) achieves its minimum value at 
Oq. If L = {0 : (j){6) < (j){0if) + 1}, then 


[ e-'^^^'>d0!ii\L\e-^^^°\ 

Jr 


(9.4) 


67 








Proof. To avoid trivialities, assume that \L\ < +oo. 

Making the change of variable 0 ^ 0 + Oq, the left-hand-side of equation (19. 4p becomes 


L 


g-<^(e)^0 = g-0(eo) / ^-m+9o)-^(eo))^Q (9 5) 

Write L = [9q — 9-,9q + 9jf\ and split the integral on the right-hand-side of (19.51) above as 

= Ii + I2 + h- 


/=/ "/ "/ 


[-0-,0+] J0>0+ J0<-0- 

A simple size estimate on Ii yields Ii ~ \L\. 

We turn now to I 2 and I 3 . Note that because (j){9 + 9o) is convex, the function 9~^{(j){9 + 9o) — 
(/>(9o)) is increasing on 0 > 0, and therefore for 9 > 9+ we have 

f>(9 + 9o) - f>(9o) ^ f>(9+ + 9o) - f>(9o) _ 1 
9 - 04- 0+ ’ 


or rather 


r/>(9 + 9 q) — (/)(0o) > - 5 —^; ^ > ^+- 

C4- 


Similarly, (j){9 -|- 0o) — (/'(0o) > ^ ^ —0_. Combining these yields 


I 2 + h < 


[ e-®+'®d 0 -b [ 

J 0 > 0 + Je 


„ 0 ~ 0 


d9 


0<-0- 


= 0^ 

Jx>l 
< 0+ -t 0- 
= 1 ^ 1 , 


e-^dx -f 0_ 


e^dx 


!;<-l 


which is the desired result. 


□ 


Now, let (j)r,r){0) = 2[t6(0) — ? 70 ], and define 0o(r, 77 ) and L{T,r]) for cfr.r] as in the previous 
proposition. We then have 

1 2 
Lemma 9.2. |L(t, 77 )! Ri t “2 and —cj)r,r]{9o{T,ri)) r: 

Proof. Writing L = [0o — 0-,0o + 0-i-], we have 


1 = / / (f” ^{r)drd9 r r / / drd9 = -t9\, 

•J 0Q Oq Oq 0q ^ 




which shows that 0+ r t 2 . Similarly, 9- t 2 , showing that |L| r r 2 as claimed. 


68 




For the second inequality, note first that 9q{t,t]) = {b') ^(r ^ 77 ), so that 


= -2t 


I 




sb''{s)ds 


■L 




sds 

2 


= -T[{b') \t ^rj) 

Because b” ~ 1, b'{6) r; 9, and therefore (6')“^(0) Ri 9. This proves the second claim. 
By the results in Section 01 we have 

d{Zn, Z_„) « n, A{Zn, 6)KiS'^. 

This allows us to estimate (I9.3p as 

-2'^+^n^Z>^Z[S^]iZr,,z_^) 

= r Te-^Wu)+b{-n)+e) f ( f e^[v6-rbmdeY^dr^dT 

Jo Jr^Jr ' 

/•+00 

~ / ^Q-T9>{n)+b{-n)+f) 


L 

I 


„ —T(h(n)+b( —n)+e) 


j-^g—TiHn)+bi-n)+e)j^^ 


Jr 

[ drjdr 

Jr 


\b{n) + b{-n) + e 


-3 


,-6 


di^Zjij Z — .yi) 


-2 


\Bd{Zn,d{Zn,Z-n))\ '' 


□ 


uniformly for k > 1, n G Z, and e > 0 small. This concludes the proof of the sharpness claim in 
Corollary 11.21 and therefore the full proof of Corollary 11.21 


10 Proof of Corollary 11.3 

The proof of Corollary 11.31 requires us to integrate by parts in the integral 

f Z°'§]{z,w)(j){w)dm{w,Re{w 2 ))- 
Jbn 

To do this, we first adapt a result of Nagel and Stein to decompose the Szego kernel into two parts: 
one which is a nice function and one which is a high derivative in Re( 2 : 2 ) of a nice function. More 
precisely we have the following result, proved in exactly the same way as Lemma 7.21 of |31] . 
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Lemma 10.1. Let 0 = (0,0 + iO), w = {w,s + iPi{w)). Fix i5 > 0 and N >0, and let a, [3 be multi¬ 
indices with |a|, 1^1 < 2. For M > 2 + TV + ^{\a\ + |/3|), there is a constant C = Cda], |/3|, M, TV) 
and functions F^^\0,w), such that 

[T^ Z^{Z^)*S]{0,w) = F^^\0,w) + {ST)^G^^\0,w), 

where 

w)\ < C[d{0, w) + fi{0, 5 )]- 2 -I«I-I/ 3 | [a(0 , d(0, u;)) + <5]-^-^, 

|G('^)(0 , u;)| < G[d(0, w) + fi{0, j)]-2-l«l-l/3| [a(o, d{0, u;)) + 

Remark 10.2. It is in the proof of this lemma that we need to use the formula = 

2 zg^[§]( 2 :, ii;), which is proved in Appendix El Here B : L^(Ll) —^ L'^(Ll) fl 0{n) is the Bergman 
projection, which is the orthogonal projection of L^{Ll) on the (closed) subspace of square-integrable 
holomorphic functions on H. 

Proof of Corollary \1.3[ By making a biholomorphic change of variables as in Section 13.21 we may 
assume that z = 0 and that P{w) = P^’^{w). 

Apply Lemma fl 0.1 1 with ^ = A(0, Jq) and large enough M to get 

sup |(r^z“S)[<^](C)| 

CG-Bd(0.5o) 


= sup 

CGBd(0,(5o) 

f Z°'§]{(^,w)(j){w)dm{w,Re{w2)) 
JhQ 


= sup 
C^BdioM) 

f F^^\C,w)(j){w) 

JhCl 



^(_ 1 )M^(M) u,)(A(o, So)T)^ 

(j){w)dm{w, Re{w 2 )) 

<5o-"-'“'A(0, Jo)-'-'^|i?d(0,5o)| • ||<^||oo 


+ 5o-"-'“'A(0, 5o)-'-'^|Sd(0,5o)||| (A(0, 5o)T)^<^|U 

<5o-I“Ia(O,5o)-"(||0||oo + ||(A(O,5o)T)"^0||oo), 



as desired. □ 


A The Szego Kernel 

Let B = {2: G : Im(z2) > P{z)} be a pseudoconvex model domain, where P : C —^ K is smooth, 
subharmonic, and non-harmonic. 

In this section we give a precise definition of the Bergman and Szego kernels [B] and [S] for B, 
respectively, and supply a proof of the following proposition which has been widely used (going 
back at least to m)- 

Proposition A.l. Let B = {2; G : Im(22) > P{z)}, where P : C — >■ R is smooth and subhar¬ 
monic. If we equip B and bB with Lebesgue measure (as in the introduction), then we have 

d 

[B](2:, to) = 2 i^^[S]( 2 :, m), for 2; G B, ii; G bB. 
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Although the proof of Proposition lA.il is not difficult, the technical issues surrounding it have, 
to the author’s knowledge, not been treated in the literature. The goal of this appendix is to give 
a complete account of these non-trivial issues. Along the way, we will clarify the technical details 
surrounding the establishment of this formula. 

Let 0(12) denote the space of holomorphic functions in 12. For a function F on 12 and e > 0, 
define : C x R —>■ C by 

F^{z, t) = F{z, t + i{P{z) + e)). 

We then define the Hardy space 

7^2(12) = |f e 0 (12) I sup/ |F,(z,2)|2dm = ||F||^2(o) < +ool . 

I e>OJcxR J 

Here and below, we use dm to denote both Lebesgue measure on 12 and Lebesgue measure on C x R. 

In an appropriate sense, the space T-L^iVl) consists of holomorphic functions with boundary values 
in F^(bl2). Halfpap, Nagel, and Wainger give the elementary properties of such spaces in [14]. In 
particular, they prove the following result, which is valid for the domains above. 

Proposition A.2 ([14], Proposition 2.4). Let F £ Td?{Vl). Then there exists F^ £ F^(C x R) such 
that 

(a) F^{z,t) = lim^Fe(z,2) for a.e. {z,t) £ C x R; 

(b) hm^ ||Fe — F^||i2(cxR) = 0 , and ||F''||i2(cxR) = Il^||w2(f2); 

(c) F^ satisfies ZF^ = {dg — iPz{z)dt)F^ = 0 in the sense of distributions; 

(d) For any compact set K there exists C{K) sueh that 

sup |F( 2 )| < C'(F)||F||« 2 (o). 

z£K 


To study functions on the boundary of 12, we use the fact that 12 is translation invariant in 
Re(z 2 ). To this end, define the partial Fourier transform 

F[f]{z,r) := [ e-^^^^*f(z,t)dt. 

Jr 

For our purposes, we need the following alteration of Proposition 2.5 of [T4] . 

Proposition A. 3 . Let F : C — >■ R be smooth, subharmonie, and non-harmonie. Also assume that 
/ £ T^(C X R). Then the following hold: 

(a) The function f satisfies 

dzfiz,t)-iPgiz)dtfiz,t) ^0 (A.l) 

on C X R as a tempered distribution if and only if the partial Fourier transform (in t) F[f] = 
f{z,T) satisfies 

a,-(e2-"^(^)/(z,r)) =0 (A.2) 

on C X R as a tempered distribution. 
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(b) If f satisfies the PDE then f{z,T) = 0 almost everywhere when r < 0. In particular, 

if we set hs{z,T) = r), then hg G L^(R^) for s > 0. 

(c) If f satisfies the PDE liA.ll) . and if 

F{z) = F{z,t + iP{z) + is) = T~^[hs\{z,t), 
then F G 'hP{D.) and F^ = f. 

Proof. The proof of (a) and (c) is very similar to that of Proposition 2.5 of [14]. For (b), we refer 
to Lemma 5.2.1 of [SI]- □ 

We see therefore that the space of boundary values 

i3(bn) = {/G L^(bn) : /(z,t + iP(z)) = for some F" G 

is exactly the space of functions / G LffbD.) that satisfy Zf = 0 as distributions. From Proposition 
IA.31 B{hfl) is closed in L^fbfl). The orthogonal projection § : L^(bfl) —>■ i3(bn) is called the Szegd 
projection, and is given by the formula 

S[/](^) = [ [S\{z,w)f{w)dm{w,Re{w 2 )), 

Jhfl 


where [S]( 2 :,t(;) is the Szegd kernel. 

By writing [S](z,u;) = for some orthonormal basis {(j>j} of we see that 

[S]( 2 :,u;) is actually defined on (fi x f2)\E, where S C bfl x bfl. Theorem 11.11 shows that S C 
{{z,z) I z G bn} for UFT domains. Indeed, for / G L^(bn), we may write 

§[/](z) = lim f [S\{z,{w,W 2 +ie))f{w)dm{w,Re{w 2 )), 


where the convergence is in L^(bn). 

For functions F G if [Vi) fl 0{Vi), we can also write 

F{z) = I \E]{z,w)F{w)dm{w), 

Jq 

where []B](z,i(;) is the Bergman kernel. One fruitful approach to studying the Szegd kernel is to 
express it in terms of the Bergman kernel via Proposition lA.ll This is slightly complicated by part 
(Hi) of the following proposition. 

Proposition A. 4 . If P is as above, then the following statements hold. 

(i) L^{n) n is dense in L‘^{D) 0 0{fl), and for F G ififX) 0 0{Vl) and cq > Q we have 

mo\\mn)<eo^\\FhHn)- (A.3) 

(a) If F G and cq > 0, then ||(3z2A)eollL=(n) < ^ll-P’llw=(n)• 

2e2 
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(in) If P{z) = 6 (Re(z)), then there are functions F G with F ^ Lf{Vt). 

Proof. For (i), we first note that for F € F^ s- F in L^(Q) as e —>■ 0. To complete the proof, 

we will show that F^^ G for any eg > 0, and establish equation (IA.3I) . 

Because F G 


H{e) := ( |Fj( 0 , t + zP(z))pdTO G L^(0,+oo), 

JcxR 


and therefore H{e) < +oo for almost every e > 0. For e G C+ = {x + iy G C : a: > 0} and n G N, 
define 


’\z\ + \t\<n 

We note that, because F is holomorphic. 


Hnie) = [ \F^{z,t + iP{z))\‘^dm{z,t). 

J | 2 :| + |t|<n 




\z\ + \t\<n 


dF 2 

-— {z,t + iP{z) + ie) dm{z,t), 

UZ2 


and therefore Hn{e) is subharmonic. 

Moreover, we claim that Hnie) is locally pointwise bounded (uniformly in n). Indeed, for e G C+, 
let A = Re(e) and write, for |? 7 | < ^ and R< 


Hn{e + 77 ) < [ H„{e + y + C)dcr(C), 


so that 


1 /"s 1 

Hn{e + r]) < - 


1 


i 


+ V + Oda{C)dR 




ICI=fl 

Hn{e + 7? + C)da{f)dR 


< 


< 


hi 


h-d=o<^ 


H„{e)dm{e) 


H{e)dm{e) 


< 


h-d=o<^ 

^ H{x)dx 

2 


proving the claim. 

Because Hn{e) is increasing (in n) and locally bounded, Remark 4.4.43 of [T] implies that the 
pointwise limit H (e) is a.e. equal to the subharmonic function 

H*{e) = lim sup 1 /( 77 ). 

r}—^e 
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Because H{x-\- iy) does not depend on y, neither does H*{x + iy), so that dlH*{x) > 0 (in the 
distributional sense) on 0 < a; < +oo. After one notes that H*{x) is locally bounded, a mollification 
argument (together with the fact that the pointwise limit of convex functions is convex) implies 
that H*{x) is actually a convex function. 

Therefore, the non-negative function H{e) (for e > 0) is dominated by, and a.e. equal to, the 
convex function H*{e). In particular, this shows that H{e) < -l-oo for all e > 0, and that H{e) is 
dominated by and equal a.e. to a non-increasing convex function. Thus, for eg > 0, G 
as desired. 

Moreover, by Proposition lA.21 

= [ \F{z,t + iPiz) + ieo)\^dm{z,t) 

JCxR 

= Hieo) 

where in the last line we used the elementary fact that if H : (0, -l-oo) —^ [0, -l-oo) is a non-negative, 
non-increasing function with °° H{s)ds = A, then H{eo) < Acq ^ for any eo > 0. This completes 
the proof of (i). 

For (ii), using the characterization in Proposition IA.,ll we can write 


\\i9z^F)e\\l2^a)= / \F~^[2TTi»h,+^]iz,t)\^dm{z)dtds 

Jo JrJc 

XD p p-\-00 

/ / A'K'^T'^e~'^^'^^’^^^'‘\f{z,T)\^dsdm{z)dT 

Jc Jq 


+ 00 


7rre r)f dm(z)dr 


0 JC 

1 


dee"-'4e 
For (hi), the proof of Proposition 2.5 of m yields 


dee 


[ 

J«.3 


+ iy,t + ih{x) + is)\^d'm{x, y, t) = 


/R 2 Jo 


+ 00 


lf{x,V,T)fdTdxdr], 


where f{x,y,T) = [ + iy,t)dydt. Moreover, part (a) of Proposition 2.5 

iR 2 

gives a 1-1 correspondence between such functions / and functions 5 ( 77 , r) such that 


(A.d) 
of [n] 


fix,fi,T) = e 2 -("''-"''("))g( 77 ,r) G L^iC x (0,+oo)). 


7d 






Integrating (IA.4I) in s over [0, +oo) and applying Fubini-Tonelli gives 


ll^f 


L2(n) 


// 
/ / 




dTdxdrj 


Attt 


> 


'|X|,|7)|<1 Jo 


I 


dTTT 

^ 15 ( 77 , 


^ \9{v,r)? 

|r7|<l Jo ^TTT 


/ / 


Attt 


dTdrj. 


drdxdr] 
drdxdrj 


We see that ||F||^ 2 (f 2 ) = + 00 , for example, if 15 ( 77 ,r)| > 1 for < 1, 0 < t < 1. □ 

Remark A.5. The phenomenon described in Proposition IA.4I seems to be a byproduct of the 
unboundedness of fl. For a simple example in C^, let f{z) = {z + i)~^ and fl = {z : Im( 2 :) > 0}. 
Then fl is pseudoconvex and the Lebesgue measure on bfl = {z : Im(z) = 0} coincides with the 
standard arclength measure, so we have 


\f{z)\'^dm{z) > 


^+00 


IV 2 


rdrdO = + 00 , 


while 


/ \f(.x + iy)\'^dm{a 

Jhn 


y +1 


< TT 


for all y > 0. 

We are now ready to prove ProDOsition lA.ll 
Proof of Provosition \A.i\ Let F{z) G L^(fl) Then 


Fz = 


I [S]( 2 :, w)F^{w, Ke{w2))dm{w, Re(7C2)) 
ibn 

lim / [S]( 2 :, (tc, 7^2 + *e))T"^(w, Re( 7 C 2 ))(i 777 ( 7 c, Re( 77 ; 2 )) 


= lim 

e-70 


= lim 

£->■0 


/ Im(ii;2)=P('Ri) 


Im(i(j2)>P(tL’) ^^2 


[S] {z, {w, W 2 + ie))F{w)dw 2 


dm(w) 


— ([S]( 2 :, (w, W 2 + ie))F{w))dw 2 A dw 2 
'W2 

= lim f 2i^^(z,{w,W2 + i€))F(w)dm{w). 

Jn ^^2 

Moreover, part (i) of Proposition IA.4I implies that 

f 2i^^{z,{w,W2 + i€))G{w)dm{w) = 0, Ve > 0 
Jq <JW2 


dm{w) 


(A.5) 
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for any G L L'^[VL)C^O[VL). 

Hence 

as desired. □ 


B Proofs of Lemma 15.21 and Propositions 15.31 and 15.4 


We first prove Lemma [STH 

Proof of 1 5.2[ Lemmas 14.61 and 14.21 imply that 

fr-i 

ar{w)=fl{w,T 


if T < 1, 
if T > 1, 


where Ci is the constant from (HI). This shows that A{t) < +oo for 0 < r < +oo. The fact 
that A[t) is non-increasing follows immediately from its definition as the supremum of a family of 
non-increasing functions. 

The operator bounds for Gt, Rt, and R* follow immediately from the Schur test, coupled with 
the scaling arguments used in the proof of Lemma 16.231 The bound for is due to the fact that 
St- is an orthogonal projection. □ 

The proof of Proposition 15.41 requires a preparatory lemma. 

Lemma B.l. For f € L^(C x M) with Zf = 0 in the sense of tempered distributions, there 
exists Schwartz functions {fn} C o5^(C x R) such that fn £ Cf°(C x R), /„ —>■ f in Lf, and 
A{T)Drfn{z,T) —>■ 0 m L^(C X R), where A{t) = supcrT(-2)- 

Proof. By Proposition lA.31 f{z, r) = 0 a.e. on {{z,t) : r < 0}. Fix a non-negative if G Cf°(C x R) 
with f -ip = 1, supp^ C {\z\ + |t| < 1}, and let 

ipeiz,T) = e~^')p(^e~‘^z,e~^Ty 

Choose a smooth, non-negative, non-increasing function 


xit) 


1 if f < 1, 
0 iff >2, 


and with |x'(f)| < 2. For M, N > 1, define 


Xm,n{z,t) 


xiN i|z|)x(M ^t)x{M V 1), ifT>0, 

0, otherwise. 


and note that 


SUppXM.Ar(^,'r) C {(2 :,t) G C X R 


|z| < 2iV, - <T< 2M| 

M - , 2^ - - S 


(B.l) 
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and 


Xm,n{z,t) = 1 for | 2 | < iV, ^ < r < M. 


(B.2) 


Define fe,M,N{z,T) = ■0£ * {XM,Nf){z,T). Because xm.at/ ^ f in as M,N ^ +oo, and 
since * g ^ g for any g € L^(C x K.) by standard approximate identity results, we may make 
fe,M,N f (and therefore fe,M,N —>■ /) in L^(C x M) by first making M and N large, and then 
taking e small (depending on M and N). 

Now, using the fact that dgf{z,T) = —2TrTPg{z)f{z,T) as distributions. 


DTfe,M,Niz,T) 

= Dritpe * iXM,Nf)iz,T)) 

[idzXM,N){z -^,T- S)f{z - C,T - S) 

I 

+ XM,n{z-^,T- s) (dsf) {z-^,T- s) 

+ Xm,n{,z - - s)f{z - T - s)2TrTPz{z)]tjjei^, s)dm{^, s) 

(9fXM.Ar)(?, s)/(?, s)ip^{z - r - s)dm{^, s) 


/ 

JCxI 


L 


CxI 

+ [ [-Xm,n{z - r - s) 27 r(T - s)Ps{z - Of{z - r - s) 
JCxR 


I 

JCx^ 


+ Xm,n{,z - - s)f{z - ^,r - s) 2 TrTPziz)]'>pei^, s)dm{^, s) 

(%XM,Ar)(?, s)/(C, s)i;^{z - r - s)dm{^, s) 


+ / f{i,s)xM,N{£.,s)2TT(TPi{z) - sPi{i))tpe{z - £.,t - s)dm{i,s) 

JCxR 

= I{z,t) +II{z,t). 

By our assumptions on xm,n. Young’s inequality, and the fact that ar{z) < T~i + r“m, for fixed 
M we have 

ll^(•)-^l|L2(CxR) < (M“ + M2 )||/||^2({^<|2|<2Ar}xR) —>■ 0 as iV —>• +00. 


Defining 


Ee,M,N = sup sup \2TrTPg{z) - 2TTsPg{^)\, 

|z|<2Ar, (2 M)-i<t< 2M max(^|z-{|,|r-s|)<e 

we see that for any large M, N we may choose e sufficiently small so that E^^m,n is as small as we’d 
like. In other words, for fixed M, N large we have 

\\A{*)II \\2 < (M^ + Mi)\\f\\ 2 E,^M,N ^ 0 as e ^ 0. 

Therefore, choosing first M = M{n) large, and then N = N{n) large (depending on M), and 
then e = e(n) small (depending on M and N), we obtain a sequence of Schwartz functions /„ = 
fe{n),M{n),N{n) with /„ G (7“ (C X R) which, by Plancherel, satisfy /„-)>/ in L^, ||xl(*)Z ),/„||2 0 

as n —>■ + 00 . □ 
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We now prove Proposition 15.31 


Proof of Provosition HOI By Lemma [4.21 Lemma [4.61 and (HI), for fixed r > 0 there exists con¬ 
stants c, C with 

T 

0 < c < ar+h{z) < C < - 1 - 00 , uniformly in rc G C, \h\ < 

In other words we have 

\\^T+hf\\L^(C) ^ Wfh^c) uniformly in / G L^(C), \h\ < (B.3) 

Because the operators are uniformly bounded as operators on Lf{C)^ the statement of the 
proposition follows once we show that Mr+hf —Hi-/ in Lf{C) for all / G o^(C). 

To this end, we first claim that if / is such that for each N >1 there is a constant Cn satisfying 
|/(•^)| < ^^(1 + then for every M >1 there is a constant Am with 


|H.+4/](z)|<Hm(1 + N|)-"", \h\<^-. (B.4) 

To see this, note that the estimates in Theorem 16.21 and Lemma l6 .1 1 provide small numbers e, d > 0 
with 

|[M.+;i](2,u;)| < (l + z,wGC, \h\ < 

\ \z — w\/ 2 

In other words, for each M > 1 we have 




1 

\z — w|(l -I- |z — w\)^ 


Because \z\~^ G Lj^^(C) and is bounded for \z\ > 1, the inequality 1 -I- | 2 :| < {1 + \z — w|)(l -I- |i(;|) 
yields (IB. 41) . 

Writing (j)h{,z) = M.r+hf{z) — Hi-/(z) for / G ^(C), we apply (IB. 41) . Proposition 16.171 and the 
fact that Dt+h = Dr + 2TThPz, Dr+h = Dr + ^TrhPg to see that for all M > 1 there exists a constant 
Am with 


\Mz)\ + \DrMz)\ + \DrM^)\<AMil + \z\)-^, ZGC, (B.5) 

We now prove the proposition for G,-. Letting (•,•) denote the standard inner product on 
L^(C), and fixing / G J^(C) and (fhiz) = Gr+hfiz) — Gi-/(z),we have 


(Gr/, (fh) - {Gr+hf, (fh) = if, Grffh) “ {Gr+hf, (fh) 

= {Dr+hDr+hGr+hf ,Gr4>h} ~ {Gr+hf, 4>h) 

= (Gr+hf) {Dr+hDr+h ~ DrDr)Gr4>h) ■ (B.6) 

Because 

Dr+hDr+h - DrDr = 2TThPgDr + -|- 2TThP^^s + 2TThP^Dr, 

Proposition 16. 17H al gives 

{Dr+hDr+h — DrDr)Gr4>h = 2'KhPAKr4>h + (47r^/l^ |Pj; -|- 2'KhPz + )Gr4>h 

+ 2TThPzK(t^h - 2^/iP,R*(47rrP,,j)G,0,i. (B.7) 
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Because P = for some k, there exists iV > 1 so that 

|VP(z)| + |AP(z)| <(1 + 1^1)^, 

and therefore (IB.41) (applied to (jih) implies that {Dr+hDr+h — DrDr)Gir4>h G P^(C) for \h\ < 
Then (|B.6I) . the Schwarz inequality, (IB.3I) . (IB.71) . and the Dominated Convergence Theorem then 
give, for \h\ < §, 

||G,/ - Gr+hfh = I (G./, <(>/.) - {Gr+hf, ^h) I 

< \\Gr+hfh\\{Dr+hDr+h " || 2 

< \\fh\\{Dr+hDr+h - D^Dr)GrM\2 
0 

as h —>■ 0. This shows that Gr+hf Grf in T^(C) as h —>■ 0. 

A similar argument shows that if (l)h = — Rr/, then 

\\Rr+hf - Rr/||2 = I (Rr+Z./, " (Rr/, (t>h) \ = \ {^r+hf, ^TThPM*^) \ ^ 0 

as h —>• 0, and therefore Rr+Zt/ —>■ Rr as h —>• 0 in L^(C). 

For R* and (j)h = Rr+/t/ ~ R*/) the analogous statement follows by noting that 

(r:+^/, cj>h) - (R*/, ^h) = if, ^r+h^h) - if, Rr^Z.) ^ 0 as h ^ 0, 
while that for and (j)h = S^/ — Sr+Zi/ follows from 

{^r+hfAh)-{^rfAh) 

= {-Dr+hK+hf. <t>h) - {-DrKf. <t>h) 

= {Kf,D^(t>h) - {K+hf,Dr+h(^h) 

= [{Kf,Dr(t>h) - {K+hf.Dr(t>h)] - {K+hf,‘^^hP-,4>h) 

0 

as h —>■ 0. This completes the proof. □ 

We move on to the proof of Proposition lS.dl In order to even make sense out of the expression 

/■ + 00 /. 

/ g27r*T-t / \^^''^(^z,w)f{w,T)dm{w)dT 

Jo Jc 

appearing in the proof, we need to have the following elementary result. 

Lemma B.2. Let g{z,T) G =5^(C x R), and define 

5'(0,t) = §T-[g(#,T)](z), zGC, Te(0,+oo). 

Then S{z, r) G C°{C x (0, +oo)) n x (0, +oo)). 
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Proof. Note that S{z, t) G Lf{€.) for each fixed r, and that because DtS{z, r) = 0 as distributions, 
we have 

d,(^e‘^--P(-)Siz,T)^ = 0 , 

and therefore the function z >->• Sr{z) = S{z,t) is entire for each fixed t. In particular, for 

fixed r the function z i—>■ S{z,t) agrees almost everywhere with a continuous function, and we can 
therefore take S{z,t) to be continuous in z. We claim that for r fixed, S{z,t + /i) —>■ S{z,t) as 
—>■ 0, uniformly on compact subsets of C, which immediately implies that S{z,t) is continuous 
on C X (0, +oo). 

We prove the claim by first noting that the arguments in the proof of Proposition 15.31 can be 
extended to show that, for r fixed, 

S{z, T + /i) — >■ S'(z, r) in L^(C) as h — >• 0. 

The continuity of P{z) then implies that for every compact set K (s C we have 

Sr+hiz) —>■ Sriz) in Lf{K) as h —>• 0. 


Define K{N) = {z G C 
inequality to see that for 

\Sr+h{z) 


: l^l < iV}. We apply the Cauchy integral formula and the Schwarz 
z€K{N), 


- St{z)\ = 


1 


< 


< 


27r j 

/i<|?7|<2 

1 1 

1 


/ 

'l<|r)|<2 



27r 

||<5r-|-7i ~ 

0 



Sr+hjz + r]) - Srjz + r]) 

\v\ 


dm(r]) 


\Sr+h{z + 7?) - Sr{z + ri)\dm{ri) 


as h —^ 0. This completes the proof that S{z,t) G C°{C x (0, +oo)). The claim that S{z,t) G 
L^(C X (0, +oo)) is then an immediate consequence of Lemma 15^ and Fubini-Tonelli. □ 

We finally prove Proposition [Jill Define 

i3(C X R) = {/ G L^(C X R) : Zf = 0as tempered distributions}. 

Proof of Proposition \5.4] For / G oS^(C x R), define 

p + OD p 

T[/](^,i)= / / [E,r]{z,w)f{w,T)dm{w)dT. 

Jo Jc 

This expression is well-defined by Lemma IB.21 and by Lemma 15.21 we have 

||T [/]||2 < II/II 2 and T[/] G i3(CxR), and therefore T extends to a bounded operator from L^(CxR) 
into i3(C X R) with norm < 1. 

We claim that T = S. To prove this, it suffices to show that if we write / = /y + f±, with 
/|| G B{C X R) and f± T B{C x R), then T[/] = /y. 
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Choosing /„ —>■ /y as in Lemma iB.li and writing St- = / — Rt-D,-, we have 


T[/||]= hm T[/„] 

n—>-+oo 

= lim fn- . 

n^+oo L 

Now, fn —)> /|| in L^(C x R), while Lemma [5.21 and Plancherel give us 

II [R.[^./n]]''||2 = ||R.[^./n]ll2 < C|| A(.).D./„ || 2 ^ 0, 

which shows that T[/||] = /y. 

On the other hand one sees that T is self adjoint, so that for every h G L^(C x 


we have 


(T[/J,/i) = (/^,T[/i]) = 0, 


and therefore T[/j_] = 0. 

This completes the proof. 


□ 
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